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We evaluate QCD effects in the neutrinoless double beta (0νββ) decay, originating from new
physics short-range mechanism in the form of five dimension-9 operators. For this, we employ
the one-loop and two-loop renormalization group equations (RGEs) for the corresponding Wilson
coefficients, performing the RGE-evolution from the new physics scales (estimated as Λ ∼ 102 GeV)
to the typical spacelike 0νββ-scale Q ∼ 0.1 GeV. Since the latter scale is clearly nonperturbative,
we apply various infrared-safe (IR-safe) variants of QCD where the running coupling has no Landau
singularities at low spacelike Q. We point out that the correct treatment of the IR-safe analogs of the
(noninteger) powers of the couplings is important. It turns out that in most cases of the considered
operators the resulting QCD effects can be significant in this process, i.e., can be stronger than the
effects of the present uncertainties in the nuclear matrix elements.
I. INTRODUCTION
One of the basic questions of high energy physics is whether the neutrinos, and/or their more exotic fermionic
relatives if they exist, are Majorana or Dirac particles. The question of the existence of Majorana neutrinos is closely
related with the question of whether the lepton number violating (LNV) processes exist. At present, the most powerful
probe of LNV processes is the neutrinoless double beta (0νββ) decay (cf. [1, 2] for recent reviews), i.e., the process
where two d quarks of a nucleus transform into two u quarks with the simultaneous production of two low-energy
electrons. Such processes have not (yet) been observed, and one of the best lower bounds on the half-life for 0νββ is
from the KamLAND-Zen experiment [3] for the decay of 136Xe
T 0ν1/2(
136Xe) > 1.07× 1026 yr (90% CL). (1)
This decay could originate in an exchange of a Majorana neutrino in the t-channel topology as presented in Fig. 1.
Since the typical energy scales µ in the nucleus are of the order of the Fermi motion scale, µ ∼ µf ∼ 0.1 GeV, the
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FIG. 1: The decay 0νββ with the exchange of a Majorana neutrino N . If MN  0.1 GeV, then the propagators of N and the off-shell
W ’s reduce together to an effective point.
decay process can be regarded as a low-energy spacelike process. This means that the half-life T 0ν1/2 ≡ D(Q2) can
be regarded as a spacelike observable with positive Q2(≡ −q2) ∼ µ2f ∼ 10−2 GeV2. Furthermore, if the mass of
the exchanged neutrino N is heavy (MN  0.1 GeV), the process can be regarded as an effective pointlike process
dd → uuee. It can be called a short-range process, due to the high masses of the exchanged particles involved. On
the other hand, such short-range (pointlike) process dd → uuee can originate also from an exotic physics [4] which
can be described effectively in terms of dimension-9 operators
OD=9 ∼ 1
Λ2LNV
u¯u¯dde¯e¯, (2)
where the scale of the new LNV-physics is expected to be ΛLNV & 102 GeV. There are five classes of such effective
(pointlike) operators (see the next Section). Since there is a very large difference between the new physics scale ΛLNV
and the 0νββ decay scale µf , the effects of the QCD corrections on the corresponding Wilson coefficients (which
appear in the half-life quantity T 0ν1/2) for the process can be large. The other reason why these effects can be large lies
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2in the color-mismatch contributions of the operators, this mismatch leads to the mixing of the operators at lower scales
where the corresponding Wilson coefficients are multiplied with nuclear matrix elements (NMEs) which can have very
different sizes. These short-range QCD effects can be explored by considering solutions of the renormalization group
equations (RGEs) for the Wilson coefficients, and evolving them from the scales Λ2LNV of the new physics down to
the Fermi motion scales Q2 ∼ 0.01 GeV2.
One important practical problem in such a calculation is that the mentioned RGEs, being (one- or two-loop)
perturbative, are considered to involve the usual perturbative QCD coupling a(Q2) [≡ αs(Q2)/pi] which, in turn, has
the so called Landau singularities at low positive Q2 . 0.1 GeV2. These singularities do not reflect the holomorphic
behavior of the QCD spacelike observables D(Q2) which must be holomorphic (i.e., analytic) functions of Q2 in the
Q2-complex plane with the exception of a part of the negative axis: Q2 ∈ C\(−∞,−M2thr] (where Mthr ∼ 0.1 GeV is a
threshold scale) [5, 6]. The Landau singularities of perturbative QCD (pQCD) can therefore be considered as artificial,
and they have their origin formally in the fact that the beta-function β(a) ≡ da(Q2)/d lnQ2 is assumed, as a function
of a, to be a Taylor-expandable function around a = 0 (such as a polynomial function, in the case of the MS scheme).
This problem was addressed systematically, via Dispersion Relations (DR) for the coupling, for the first time by Shirkov
and others in the nineties [7–10] where a minimal analytic coupling [(F)APT: (fractional) analytic perturbation theory
coupling] was constructed, a(Q2) 7→ A(APT)(Q2), whose spectral function ρA(σ) ≡ ImA(Q2 = −σ − i) was equal
to the pQCD coupling spectral function for all positive σ (i.e., negative Q2), but without the Landau cut along
the positive Q2-axis, ρA(σ) = 0 for σ < 0. Several other holomorphic couplings a(Q2) have been constructed since
then, in general modifying the discontinuity function ρA(σ) in the unknown nonperturbative regime of low positive
σ . 1 GeV2. The couplings A(Q2) in these approaches are in general expressed as a dispersive integral along its cut
and involving the spectral function ρA(σ). Some of such couplings A(Q2) attain a positive finite value at Q2 → 0
[11–27],1 and others the zero value A(0) = 0 [22, 29–34]. All such holomorphic couplings,2 i.e., couplings which are
holomorphic functions of Q2 for Q2 ∈ C\(−∞,−M2thr], are thus IR-safe and can be used in the mentioned solutions
of the RGEs for the Wilson coefficients Cj(Q
2), where 0 < Q2 ∼ µ2f ∼ 0.01 GeV2.
In this endeavor, it is important to take into account that the analogs Aν(Q2) of the powers a(Q2)ν (where ν is
a power index with a real number value, −1 < ν) are not simple powers A(Q2)ν , as already pointed out in [14] for
integer ν and later in [47] for general real ν; in those references, the power analogs Aν were constructed in the general
QCD framework (AQCD) with holomorphic coupling3 A(Q2).
In this work, we present in Sec. II the effective Lagrangian made up of short-range dimension-9 operators, and the
expression for the 0νββ half-life in terms of the Wilson coefficients of these operators at (low) Fermi motion scales
and in terms of the NMEs. In Sec. III we then describe the RGEs governing the evolution of the mentioned Wilson
operators, and we gather the hitherto known explicit expressions of the one-loop and two-loop anomalous dimensions
in Appendix A. In Sec. IV we then describe the general solution of the corresponding one-loop and two-loop RGEs
in the IR-safe AQCD frameworks. In Appendix B we provide more details of the AQCD formalism and a brief
description of the specific AQCD frameworks used in this work. In Appendix C we write down the solution of the
coupled system of RGEs in the case of mixing of operators. In particular, we present there the solution for the case of
the degenerate mixing which, to our knowledge, has not been considered in the literature and appears in the case of
the operator mixing of OLR3 -OLR1 at two-loops at low scales (nf = 3). In Sec. V we present our numerical results for
the RGE evolution matrices at low (sub-GeV) scales in various AQCD frameworks. In addition, we present there the
resulting upper bounds on the various “bare” LNV Wilson coefficients Cj(ΛLNV) (we took ΛLNV = MW ), where these
bounds originate from the experimental lower bound on the half-life (1). Section VI is a summary of our conclusions.
1 The holomorphic coupling of Refs. [28] is infinite at Q2 = 0.
2 For reviews of (F)APT, cf. Refs. [35, 36]; for additional applications of (F)APT and other AQCD variants in the QCD phenomenology,
see [37–39]. Further, there exist related approaches where the dispersive method is applied directly to spacelike QCD quantities
[27, 31, 40–46].
3 In the case of the minimal analytic QCD (FAPT), the existence of such analogs Aν (6= Aν) was pointed out and their construction
presented in [9], and an explicit FAPT construction was performed in [10, 35].
3TABLE I: The values of the nuclear matrix elements for 136Xe, from Ref. [2] (cf. also [49]), at effective Fermi motion scales
Q2f = µ
2
f ∼ 0.01 GeV2.
M1 M2 M(+)3 M(−)3 |M4| |M5|
4.5 −8.5× 102 6.9× 101 1.1× 102 9.6× 101 9.3
II. EFFECTIVE LAGRANGIAN IN 0νββ DECAY
The effective Lagrangian within the Operator Product Expansion (OPE) formalism for the dimension-9 operators,
which originate from short-range new physics and contribute to 0νββ decay, have the generic structure [48]
L0,νββeff =
G2F
2mp
5∑
i=1
∑
XY
CXYi (µ) OXYi (µ) , (3)
where GF = 1.166 × 10−5 GeV−2 is the Fermi constant, mp is the proton mass. The expansion (3) contains five
types of dimension-9 operators; the indices X,Y = L,R indicate the chirality. The dimension-9 operators OXYi can
be shown in the compact notation [49, 50]
OXY1 = 4 (u¯PXd) (u¯PY d) j , (4a)
OXX2 = 4 (u¯σµνPXd) (u¯σµνPXd) j , (4b)
OXY3 = 4 (u¯γµPXd) (u¯γµPY d) j , (4c)
OXY4 = 4 (u¯γνPXd) (u¯σνµPY d) jµ = OXY µ4 jµ, (4d)
OXY5 = 4 (u¯γµPXd) (u¯PY d) jµ = OXY µ5 jµ, (4e)
where j = e¯ (1± γ5) ec, jµ = e¯γµγ5ec are the lepton currents. In Eqs. (4b) and (4d) we use the convention σµν =
(i/2)[γµ, γν ]. In general, these operators mix under renormalization through QCD when we express them in terms of
a color singlet structure. In this procedure, the following property is used:
(λa)αβ (λ
a)ηξ = −
2
N
δαβδηξ + 2δαξδηβ , (5)
where λa = 2ta are the Gell-Mann matrices. This leads to the original operator [the first term on the RHS of Eq.(5)]
plus a color mismatch part [the second term on the RHS of Eq.(5)]. Note that OXY2 = 0 for X 6= Y .
The effective Lagrangian (3) at high physics scales µ = ΛLNV (∼ 102-103 GeV) represents the new short-range
physics. When these contributions are evolved to lower scales µ, the QCD effects are the dominant contributions
to the RGE evolution. The effective Lagrangian (3) must be evaluated down to a spacelike scale µ2 = Q2(≡ −q2)
that enters in the 0νββ process (and in the corresponding NMEs), typically of the order of the Fermi motion scale
µ ∼ µf ∼ 0.1 GeV. In practice, when we use the Lagrangian (3) in the perturbation theory within pQCD, it is
applicable only down to µ ∼ 1 GeV in the best scenario. This RGE-running for 0νββ decay was performed in pQCD,
at one-loop level of anomalous dimensions, in [51] for the set of operators O1-O3, and in [49] for the set O1-O5. The
restriction µ & 1 GeV is due to unphysical singularities, known as Landau singularities, in the pQCD running coupling
at µ2 ∼ Λ2QCD ≈ 10−1 GeV2 for nf = 3 active flavors. In the vicinity of these singularities our physical predictions
are jeopardized. The experience shows that if we do not include some nonperturbative effects, the applicability of
this series extends only down to µ ≈ 1− 2 GeV.
Based on the Lagrangian (3), we can calculate the amplitude and then the 0νββ half-life as [52]
[
T 0νββ1/2
]−1
= G1
∣∣∣∣∣∣
3∑
j=1
Cj(Q
2
f )Mj
∣∣∣∣∣∣
2
+G4
∣∣∣∣∣∣
5∑
j=4
Cj(Q
2
f )Mj
∣∣∣∣∣∣
2
(6)
Here, Q2f ∼ 0.01 GeV2 is the energy of the (spacelike) process of 0νββ decay, Gj are the phase space factors, with
G1 = G2 = G3, and G4 = G5, and Mj are the Nuclear Matrix elements (NMEs) of the operator Oj (4a)-(4e) at
an effective UV energy cutoff Q2f , Mj = 〈Afin|Oj(Q2f )|Ain〉. These constant parameters depend on the isotopes we
are considering. For the considered isotope 136Xe, the values of NMEs are given in Table I. The Wilson coefficient
Cj(Q
2
f ) depends on the typical scale of the 0νββ process, and as we mentioned above, this spacelike scale is quite
4low and some extension of the usual QCD should be taken into account. In Ref.[50] the authors considered a freezing
of the QCD running coupling based on the inclusion of an effective glueball mass M , where M2 ∈ (0.4, 5.0) GeV2.
This inclusion was made by the shift Q2 → Q2 + M2 in the one-loop pQCD coupling, cf. Eq. (B28). In Ref.[53] the
authors cut the effective theory of QCD at a reasonable scale (see the argumentation above) Q = 2 GeV, and below
it down to µ = 0.1 GeV they considered a new effective theory without quarks called Chiral Perturbation Theory
(ChiPT) and many-body methods (cf. also [54, 55]). Finally, in Ref.[56] the pion mechanism is considered, where the
hadronization of quarks and gluons is produced within the effective vertices given by operators (4a)-(4e).
In the present work, we propose an alternative method to deal with this low-energy problem. We propose to extend
the applicability of QCD through the Dispersion Relations, which are integrals in the complex Q2-plane, which allow
us to avoid the appearance of the Landau singularities in a natural way. For details on the construction of such
models, we refer to Appendix B.
III. RENORMALIZATION GROUP EQUATIONS WITHIN QCD
The renormalized effective operators (4a)-(4e) are scale independent. Then the Renormalization Group Equation
(RGE) will define the anomalous dimension matrix γˆ in the form
d
−→O(Q2)
d lnQ2
=
d lnZ(Q2)
d lnQ2
≡ −1
2
γˆ(Q2)
−→O(Q2), (7)
where the renormalization constant matrices Z of the effective operators imply that we will have in general some
mixing between them. The scale Q2 is considered to be spacelike, i.e., Q2 ≡ −q2 is regarded to be nonnegative. Now,
the RGE for the Wilson coefficient follows from the fact that the Lagrangian in (3) is independent of the (spacelike)
renormalization scale µ2 ≡ Q2. As a consequence, we obtain the RGE in the matrix form
d~C(Q2)pt
d lnQ2
=
1
2
γˆT (Q)pt ~C(Q
2)pt. (8)
The anomalous dimension matrix γˆ(Q2) is extracted from the renormalization of the composite operators (4a)-(4e).
The corresponding available anomalous dimension factors and matrices are collected in Appendix A: for the operators
O1-O3 from Ref. [57] (at the one-loop and two-loop level); for the operators O4-O5 from Refs. [53, 58] (at the one-loop
level).
If we rewrite Eq. (8) in terms of the pQCD running coupling a(Q2) ≡ αs(Q2)/pi, the RGE can be solved at the two-
loop level explicitly, and it is given in the form (for the case of no mixing, i.e., ignoring the problems of diagonalization)
C(a)pt =
(
a
a0
)ν (
1 + c1a
1 + c1a0
)k(1)/c1
C(a0), (9a)
=
[
aν + k(1)aν+1 +O(aν+2)][
aν0 + k
(1)aν+10 +O(aν+20 )
]C(a0), (9b)
where a ≡ a(Q2) and a0 ≡ a(Q20); for β(a) which appears in the renormalization group equation (RGE) Eq. (B1) for
the running coupling a(Q2), we took the two-loop truncated form β(a) = −β0a2(1 + c1a). The constants ν and k(1)
appearing in Eqs. (9) are
ν = − 1
8β0
γ(0), k(1) = − 1
32β0
γ(1) − c1ν, (10)
where γ(j) (j = 0, 1) are the one-loop and two-loop coefficients, respectively, in the anomalous dimension matrix γˆ
γˆ(a) = γˆ(0)
a(Q2)
4
+ γˆ(1)
(
a(Q2)
4
)2
+ . . . (11)
For more details and for different cases of mixing, we refer to Appendix C. We note that in the expansion in Eq. (9b)
the terms O(aν+2) are not known if the three-loop anomalous dimension coefficient γˆ(2) is not known.
5In the case of mixing, the analogous formulas for pQCD are obtained in Appendices C 1 and C 2 for the nondegener-
ate (ν1− ν2 6= 1) and degenerate case (ν1− ν2 = 1): cf. Eqs. (C3), (C7), and (C13)-(C14) for the nondegenerate case,
and additionally Eq. (C28) for the degenerate case. According to our knowledge, the solution of the two-loop RGE
for Wilson coefficients in the degenerate case [which occurs in the nf = 3 regime for the (31)
XY mixing of operators
OXY3 and OXY1 (X 6= Y )] has not been addressed in the literature hitherto.
Within the evolution procedure, the heavy quark thresholds should be taken into account. For this purpose, the
evolution matrix U(Q2f ,Λ
2
LNV), which connects the “bare”
~C ≡ ~C(Λ2LNV) at high momenta with the physical ~C(Q2f )
at Fermi-motion monenta
~C(Q2f ) = U(Q
2
f ,Λ
2
LNV)
~C, (12)
can be written in the following way:
Uˆ
(
Q2f ,Λ
2
LNV = M
2
W
)
= Uˆ (nf=3)
(
Q2f , Q
2
c
)
Uˆ (nf=4)
(
Q2c , Q
2
b
)
Uˆ (nf=5)
(
Q2b ,M
2
W
)
, (13a)
Uˆ
(
Q2f ,Λ
2
LNV > m
2
t
)
= Uˆ (nf=3)
(
Q2f , Q
2
c
)
Uˆ (nf=4)
(
Q2c , Q
2
b
)
Uˆ (nf=5)
(
Q2b , Q
2
t
)
Uˆ (nf=6)
(
Q2t ,Λ
2
LNV
)
, (13b)
where the first equality is given for matching scale of the order of W-boson mass MW = 80.379 GeV [59], and the
second equality for large scales, where the theories beyond the standard model play a crucial role. In Eqs. (13), the
heavy quark thresholds are at Qt = κmt = 163κ GeV; Qb = κmb = 4.20κ GeV; and Qc = κmc = 1.27κ GeV [59],
where we will choose κ = 2 (in general, κ ∼ 1). Note that the variation of the threshold parameter κ is numerically
not important in comparison with variation of other parameters.
We will use Eq. (13a), i.e., we will take ΛLNV = MW throughout.
4 In the nf = 3 regime, we will use AQCD,
because the realistic Fermi motion scale Q2f ≈ 0.01 GeV2 in this regime is quite low and the deviation of the AQCD
couplings from the underlying pQCD couplings is significant. In the regimes nf ≥ 4 we use the underlying pQCD in
3δ AQCD because there the A(Q2) coupling practically coincides with the underlying pQCD coupling a(Q2) [Eq. (B5)
has N = 5]. In two other cases (2δ AQCD, FAPT) we use at nf ≥ 4 the corresponding AQCD couplings out of
convenience (because those coupling are available for all nf ). In the one-loop massive QCD (MPT) we used for nf ≥ 4
the underlying pQCD, for simplicity.5
IV. EVALUATION OF RGE WITH IR-SAFE COUPLINGS
As mentioned in the Introduction, in AQCD the coupling a(Q2) = αs(Q2)/pi gets replaced by a coupling A(Q2)
where the latter reflects correctly the holomorphic (analytic) behavior of the spacelike QCD physical quantities
D(Q2). This means that A(Q2), in contrast to a(Q2), has no Landau singularities in the complex Q2-plane, or
equivalently, A(Q2) is a holomorphic function for Q2 ∈ C\(−∞,−M2thr] where M2thr is a positive threshold scale,
Mthr ∼ 0.1 GeV2.6 Here we refer to Appendix B for various AQCD variants. Usually they are constructed with
the dispersion relation approach, i.e., starting with a specific form of the discontinuity function ρA(σ) = ImA(Q2 =
σ exp(−ipi)) for positive σ, and the holomorphic coupling A(Q2) is a dispersion integral involving ρA(σ), cf. Eq. (B3).
Due to the asymptotic freedom, ρA(σ) at large σ > 1 GeV2 (practically) coincides with the discontinuity function
ρa(σ) of the underlying pQCD coupling a(Q
2) (the latter is defined in a specific chosen renormalization scheme). At
low positive σ . 1 GeV2, the discontinuity function ρA(σ) is in principle unknown and can be parametrized with
Dirac-delta functions, cf. Eqs. (B7) for n = 2, 3 (2δ and 3δ AQCD), Eq. (B29) for one-loop “massive” coupling (MPT).
In (Fractional) Analytic Perturbation Theory [(F)APT], the discontinuity function ρA(σ) is considered to coincide
with its pQCD analog ρa(σ) for all σ values (all the way down to σ = 0), cf. Eq. (B6).
In AQCD, the powers a(Q2)ν+m (m = 0, 1, . . .) get replaced by their analogs as explained in Eqs. (B17), (B19)
a(Q2) 7→ A(Q2); a(Q2)ν 7→ Aν(Q2)
[6= A(Q2)ν] . (14)
4 If taking Λ2LNV = 1 TeV, the numerical results for the extracted upper bounds on the “bare” Wilson coefficients in general change by
significantly less than 50 percent, cf. [49].
5 In FAPT and massive one-loop QCD (MPT), we have N = 1 in Eq. (B5); in 2δ AQCD we have N = 5, so it is practically equivalent
to use AQCD or the underlying pQCD couplings in the nf ≥ 4 regimes. Furthermore, on the basis of construction of Aν as explained
in [47], it is possible to show that from Eq. (B5) we obtain Aν(Q2)− a(Q2)ν ∼ (Λ2/Q2)N for all −1 < ν.
6 Usually the Landau singularities of a pQCD coupling a(Q2) are cuts on the positive Q2 axis, Q2 ∈ (0,Λ2Lan.) where Λ2Lan. ∼ 0.1-1 GeV2.
The details of these singularities depend on the chosen (pQCD) renormalization scheme.
6Various AQCD variants [nδ AQCD (n = 2, 3), FAPT, and massive one-loop AQCD (MPT)] are summarized in
Appendix B. In the following we will argue that in AQCD the result for the Wilson coefficient C(Q2) is really
obtained from the pQCD result (9b) by the replacements (14). We will show this in the case of no mixing, while the
extension to the case of mixing of operators is given in Appendix C.
The renormalization group equation (RGE) for a Wilson coefficient C(Q2) as a function of the effective spacelike
scale Q2 in pQCD has the form7
dC(Q2)pt
d lnQ2
=
1
2
∑
n≥0
(
a(Q2)
4
)n+1
γ(n)
C(Q2)pt, (15)
where γ(n) are the (n+ 1-loop) coefficients of the anomalous dimension, and the pQCD expansion of C(Q2) in terms
of a(Q2) has the form [cf. Eq. (9b)]
C(Q2)pt = C
a(Q2)ν +∑
j≥0
k(j)a(Q2)ν+j
 , (16)
where C is a Q2-independent quantity. Using this expansion in the RGE (15), and the RGE running of the pQCD
coupling a(Q2) according to Eq. (B1), it is straghtforward to see that the index ν and the expansion coefficients k(j)
are [cf. Eq. (10) for the two-loop case]
ν = − 1
8β0
γ(0), (17a)
k(1) = − 1
32β0
γ(1) − c1ν, (17b)
k(2) = −1
2
(
1
128β0
γ(2) + c2ν
)
+
1
2
k(1)(k(1) − c1), (17c)
etc. The RGE in AQCD is obtained by making analytic the LHS and the RHS of the RGE (15) where the expansion
of C(Q2) has the form (16). This is performed with the replacements aν 7→ Aν as explained in Appendix B
C d
d lnQ2
[
Aν(Q2) + k(1)Aν+1(Q2) + k(2)Aν+2(Q2) + · · ·
]
=
C 1
2
{[
a(Q2)
4
γ(0) +
(
a(Q2)
4
)2
γ(1) +
(
a(Q2)
4
)3
γ(2) + . . .
] [
a(Q2)ν + k(1)a(Q2)ν+1 + k(2)a(Q2)ν+2 + . . .
]}
an.
=
C 1
8
{
Aν+1(Q2)γ(0) +Aν+2(Q2)
(
1
4
γ(1) + k(1)γ(0)
)
+Aν+3(Q2)
(
1
42
γ(2) +
1
4
k(1)γ(1) + k(2)γ(0)
)
+O(Aν+4)
}
.(18)
We point out that in the described (AQCD) case, we do not know a priori the index ν and coefficients k(j) (j = 1, 2, . . .);
they could be, in principle, different from the pQCD case Eq. (17). The LHS of the above RGE (i.e., the first line),
when using the AQCD relations (B21)-(B22), can be shown be equal to
LHS ≡ C(−β0)
{
Aν+1(Q2)ν+Aν+2(Q2)
[
(ν + 1)k(1) + νc1
]
+Aν+3(Q2)
[
(ν + 2)k(2) + (ν + 1)c1k
(1) + νc2
]
+O(Aν+4)
}
.
(19)
When we equate this expression with the RHS [i.e., the last line in Eq. (18), we obtain for ν and k(j) (j = 1, 2) the
same expressions Eqs. (17) as obtained by the pQCD approach.
The conclusion of this exercise is that the solution of the RGE for Wilson coefficients C(Q2) in AQCD is the same
as in pQCD, with the replacements a(Q2)ν+m 7→ Aν+m(Q2) in the pQCD expansion (16).
7 We use the conventions of [57] (see also Appendix A), and our notations a(Q2) ≡ αs(Q2)/pi.
7Therefore, the relation (9b) in AQCD obtains the form
C(Q2)(A) =
[
Aν(Q2) + k(1)Aν+1(Q2) +O(Aν+2)
]
C, (20a)
=
[Aν(Q2) + k(1)Aν+1(Q2) +O(Aν+2)][Aν(Q20) + k(1)Aν+1(Q20) +O(Aν+2)]C(Q20)(A) ≡ U(Q2;Q20)(A)C(Q20)(A), (20b)
where the above expression U(Q2;Q20)(A) is the RGE-evolution matrix in AQCD for the Wilson coefficient from an
effective (higher) scale Q20 to an effective (lower) scale Q
2.
In the case of mixing, the analogous formulas for AQCD are obtained in Appendices C 1 and C 2 for the nondegen-
erate (ν1 − ν2 6= 1) and degenerate case (ν1 − ν2 = 1): cf. Eqs. (C3), (C7), and (C15)-(C16) for the nondegenerate
case, and additionally Eqs. (C31)-(C15a) for the degenerate case.
In the general approach, applied in nδ AQCD (n = 2, 3) and in one-loop “massive” AQCD (MPT), where the
general power analogs Aν are constructed via the generalized logarithmic-derivative analogs A˜ν+m, Eqs. (B17), it
is important to apply the truncations in the evaluation of Aν in Eq. (B17b) consistent with the loop-level in the
expression for the Wilson coefficients. When the anomalous dimension γ(a) is known only at one-loop level, then we
have
C(Q2)(A) = Aν(Q2) C = Aν(Q
2)
Aν(Q20)
C(Q20)(A), (21)
and the expression in Eq. (B17b) has only one term
Aν(Q2) = A˜ν(Q2). (22)
On the other hand, when the anomalous dimension is known at the two-loop level, Eq. (20), then the expression in
Eq. (B17b) has two terms8
Aν(Q2) = A˜ν(Q2) + k˜1(ν)A˜ν+1(Q2). (23)
In practice, this implies that the (two-loop) expression (20) obtains the form
C(Q2)(A) =
[
A˜ν(Q2) +
(
k(1) + k˜1(ν)
)
A˜ν+1(Q2) +O(A˜ν+2)
]
C (24a)
=
[
A˜ν(Q2) +
(
k(1) + k˜1(ν)
)
A˜ν+1(Q2) +O(A˜ν+2)
]
[
A˜ν(Q20) +
(
k(1) + k˜1(ν)
)
A˜ν+1(Q20) +O(A˜ν+2)
] C(Q20)(A), (24b)
where we consistently ignore the terms ∼ A˜ν+2. It turns out that with such evaluation we get, even at low
|Q2| < 1 GeV2, reasonable convergence behavor for the Wilson coefficient C(Q2) when going from the one-loop
to the two-loop case, see Sec. V. This is probably related with the fact that in AQCD the numerical hierarchy
|A˜ν(Q2)| & |A˜ν+1(Q2)| & |A˜ν+2(Q2)| & . . . is valid in general not just for high |Q2| but even for low |Q2| . 1 GeV2.
There is no such hierarchy in pQCD, because of the Landau singularities at or close to |Q2| . 1 GeV2. In the case of
mixing, analogous approach is applied for ν = ν1 and ν = ν2, and we refer to Appendix C for more details.
In the case of FAPT, although the use of Eqs. (22)-(23) is an entirely acceptable option, we will follow the more
special FAPT-type approach as described in Eqs. (B26)-(B27). In the case of FAPT, this is equivalent to the evaluation
of A(FAPT)ν as a nontruncated (resummed) sum of A˜(FAPT)ν+m (m = 0, 1, . . .), i.e., Eq. (B17b) with N →∞.
As mentioned at the end of Sec. III, AQCD will be applied here always in the nf = 3 (low-Q2) regime. In the
regimes nf ≥ 4 in general the underlying pQCD approach will be applied; in FAPT and 2δ AQCD, the AQCD
approach will be applied also in the regimes nf ≥ 4 for the aformentioned reasons of conveniency.
In the cases where the anomalous dimension γˆ is known up to two-loop level, we have the mixing ’(12)XX ’ (of OXX1
and OXX2 ) and ’(31)XY ’ (of OXY3 and OXY1 ; X 6= Y ). It turns out that in the nf = 3 regime we have the degeneracy
ν1 − ν2 = 1 in the case of mixing ’(31)XY ’, i.e., formulas of Appendix C 2 apply (ν1 = 8/9 and ν2 = −1/9). The case
8 According to Ref. [47], k˜1(ν) = −k1(ν) = −c1ν(H(ν)− 1) where H(ν) is the Harmonic Number function.
8of the mixing ’(12)XX ’, on the other hand, is nondegenerate, and the formulas of Appendix C 1 apply (ν1 = −0.6120
and ν2 = 0.5379, when nf = 3).
V. NUMERICAL RESULTS
A. Evolution matrix elements for Wilson coefficients
For evaluation of QCD correction to the 0νββ-decay, we need the physical observable, i.e., the half-life quantity
based on OPE. The first question is how the evolution factors or matrices U(Q2f ; Λ
2
LNV) [cf. Eqs. (12) and (13a)]
behave when the Fermi motion scale Q2f varies downwards towards the realistic values Q
2
f ∼ 0.01 GeV2. We will apply
a variety of AQCD frameworks: 3δ AQCD [33, 60] which has the zero limit in deep IR regime, A(0) = 0; 2δ AQCD
[16, 17, 60] and the one-loop “massive” AQCD (MPT) Eq. (B28), all these having finite positive IR limit A(0) > 0;
and FAPT in the MS scheme, cf. Eq. (B27), which gives a nonholomorphic A(Q2) in the point Q2 = 0 (but has also
A(0) > 0).
The MPT coupling (B28) used is taken in two variants: (I) the first one is with M = 1.5 GeV (for nf = 3) and with
the scale Λ3 (i.e., at nf = 3) fixed in such a way that the underlying one-loop pQCD coupling achieves at Q
2 = M2Z
the value a(M2Z ;nf = 5) = 0.1181/pi, resulting in Λ3 = 0.1588 GeV.
9. This variant will be denoted as MPT(1.5).
(II) the second variant is with M = 0.3 GeV (for nf = 3) and Λ3 = 0.234 GeV, which is suggested by the works
of Refs. [61].10 This variant will be denoted MPT(0.3). Most of the variants of MPT used in the literature have
0.3 GeV ≤M ≤ 1.5 GeV (cf. also [50]).
In all other cases, the couplings are normalized in such a way that, at the high scale Q2 = M2Z (and nf = 5) their
underlying pQCD coupling (when tranformed to the MS scheme, if needed) achieves the value αs(M
2
Z ; MS) = 0.1181
which is the central value of the present world average [59].
In Fig. 2 we present, for illustration, the four elements of the evolution matrix U(Q2; Λ2LNV)(12) as a function of
the Fermi motion scale Q2 (0 < Q2 < 5 GeV2), for the case of the mixing of the operators OXX1 and OXX2 (X = L,
or R), i.e., (12)XX . We recall that the values of the indices νj are in this case ν1 = −0.6120 and ν2 = 0.5379 (when
nf = 3). The results are given for the 3δ AQCD and MPT(1.5), for the cases of one-loop and two-loop anomalous
dimension matrices.
In Figs. 3 we present similarly the elements of the evolution matrix U(Q2; Λ2LNV)(31) for the case of the mixing
of the operators OXY3 and OXY1 , i.e., (31)XY (X 6= Y ). Finally, in Fig. 4 we present similarly the evolution factor
U(Q2; Λ2LNV)(3) for the operator OXX3 . At relatively large (unrealistic) values Q2 ≈ 5 GeV2, the matrix elements
approximately coincide as it should be (asymptotic freedom). However, at more realistic Fermi motion scale values
Q2 < 1 GeV2, the 3δ AQCD and MPT(1.5) predictions in general differ significantly, especially for the two-loop
(i.e., NLO) anomalous dimension case. The other interesting feature is that the predictions with two-loop (NLO) and
one-loop (LO) anomalous dimension do not differ much for 3δ AQCD model, and even less so for MPT(1.5) model.11
This apparent convergence suggests that the IR-safe versions of QCD (AQCD), once specified, will in general give us
definite quantitative predictions for the evolution matrices U(Q2; Λ2LNV) even for very low (realistic) Fermi motion
scales Q2 ∼ 0.01 GeV2, starting at least at the two-loop level of the anomalous dimension; and at the one-loop level
the predictions can be taken at least as first qualitatively correct estimates. On the other hand, the specific details
of the applied AQCD in the deep IR regime can affect quite significantly the values of the evolution matrices (for
Q2 < 1 GeV2); for example, if the AQCD has zero value of the coupling A(Q2) at Q2 → 0 (such as 3δ AQCD) or a
finite nonzero value [such as MPT(1.5), and even more so MPT(0.3) and 2δ AQCD].
In Table II we present the values of the elements of the evolution matrix U(Q2f ; Λ
2
LNV) for Q
2
f = 0.01 GeV
2, for
the various operators (4) or operator mixings, for the described AQCD frameworks. We included in the Table also
the values of the coupling piA(Q2) at low scales Q2 = 0.01 GeV2 and Q2 = 0. The results for (one-loop) pQCD are
not included, because the pQCD coupling has Landau singularity at Q2 ≈ 0.025 GeV2 which is larger than the Fermi
motion scale Q2f = 0.01 GeV
2. In Table II we can see that the “strength” of AQCD in the deep infrared regime (i.e.,
9 As explained in the previous Section, the quark thresholds are taken at Q2 = (κmq)2 with κ = 2. The threshold condition for the
one-loop pQCD coupling is simply continuity.
10 This coupling is parametrized so that it describes in the infrared an effective charge appearing in the DGLAP equation for the parton
distribution functions in the pion, and in the ultraviolet it behaves as a (one-loop) pQCD coupling. The underlying pQCD coupling at
Q2 = M2Z is then a(M
2
Z ;nf = 5) = 0.1264/pi.
11 The values of U(12)22 may at first sight suggest otherwise, but in this case we should keep in mind that all these values are all not far
from zero.
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FIG. 2: Evolution matrix elements U(Q2; Λ2LNV)(12)ij (ΛLNV = MW ) for the (12)
XX mixing (ΛLNV = MW ), for 3δ AQCD and
MPT(1.5), at one-loop (LO) and two-loop level (NLO) of the anomalous dimension.
the values of coupling A at very low Q2) significantly affect the values of the evolution matrix elements Uij . For
example, the results for Uij in 2δ AQCD and in MPT(0.3) are similar, and appear to be influenced largely by the high
values of their coupling A(Q2) in the deep IR regime. On the other hand, however, we see that the results for Uij in 3δ
AQCD and MPT(1.5) do differ significantly (but not drastically) although the values of A(Q2) in the deep IR regime
in both of these frameworks are low. This probably has to do with the fact that 3δ AQCD has significantly more
complicated behavior of A(Q2) in the deep IR than MPT(1.5) has.12 The case of FAPT appears to be intermediate
between 3δ and MPT(1.5) on one hand and 2δ and MPT(0.3) on the other hand.
Another interesting aspect which can be inferred from Table II is that all AQCD frameworks give a reasonable
convergence of the results when going from the one-loop to the two-loop anomalous dimension case, despite the very
low (nonperturbative) Fermi motion scale Q2f = 0.01 GeV
2; see also Figs. 2-4. This is connected with the holomorphic
nature of A(Q2).
In Table III we compare the values of the evolution factors and matrix elements U(Q2f ; Λ
2
LNV) (ΛLNV = MW ), for
the Fermi motion scale Q2f = 0.01 GeV
2, in the case of AQCD MPT(1.5) and MPT(0.3), with the corresponding naive
versions [nMPT(1.5) and nMPT(0.3)]. The naive versions are obtained when, instead of the correct power analogs
Aν we apply in the IR regime (nf = 3) the naive powers Aν . We can see that the results change when going to the
naive version. This change is especially strong in the case of nMPT(0.3), the reason for this being the strong variation
of the coupling A in the deep IR regime for MPT(0.3) (cf. the corresponding entries in the first two lines of Table
II). We point out that the naive powers Aν do not treat the nonperturbative contributions correctly, in contrast to
the power analogs Aν , as argued in Appendix B. The nMPT(1.5) is close to the approach taken in Ref. [50] where
one-loop anomalous dimensions were used. The nMPT(1.5) and nMPT(0.3) are difficult to compare with any of the
AQCD frameworks. Further, the values of Uij in nMPT(1.5) almost do not vary when Q2f increases from 0.01 GeV2
12 MPT(1.5), due to the high value M = 1.5 GeV, has the coupling A(Q2) almost “frozen” in a wide IR region 0 ≤ Q2 . 1 GeV2, while
3δ AQCD achieves a maximum at relatively low Q2 ≈ 0.135 GeV2, cf. Fig. 10(a) in Appendix B.
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FIG. 3: The same as in Fig. 2, but now for the evolution matrix elements U(Q2; Λ2LNV)(31)ij (ΛLNV = MW ) for the (31)
XY mixing.
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FIG. 4: The same as in Fig. 2, but now for the evolution factor U(Q2; Λ2LNV)(3) (ΛLNV = MW ) for the operator OXX3 .
upwards to 1 GeV2, in contrast with the AQCD frameworks.13
13 This is not seen in Table II where Q2f is kept fixed, Q
2
f = 0.01 GeV
2.
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TABLE II: The values of the elements of the evolution matrix U(Q2f ; Λ
2
LNV) (ΛLNV = MW ), for the Fermi motion scale
Q2f = 0.01 GeV
2, for various AQCD frameworks. The main entries are for the case of two-loop anomalous dimension matrix;
in parentheses are included the values for the cases of the one-loop anomalous dimension matrix. In the cases of operators
(45)XX , only the one-loop anomalous dimension is known. The results for (45)XY (X 6= Y ) are complex conjugate of (45)XX .
2δAQCD 3δAQCD FAPT MPT(1.5) MPT(0.3)
piA(0) 2.692 0.000 1.396 0.3109 2.810
piA(Q2f ) 2.273 0.295 0.726 0.3106 2.318
UXX(12)11 9.373 (7.790) 2.845 (3.477) 3.943 (3.709) 2.327 (2.333) 8.784 (7.432)
UXX(12)12 -17.620 (-14.782) -6.038 (-6.508) -7.569 (-7.315) -4.961 (-4.278) -17.954 (-14.613)
UXX(12)21 0.0456 (0.0616) 0.0319 (0.0271) 0.0253 (0.0305) 0.0198 (0.0178) 0.0510 (0.0609)
UXX(12)22 -0.846 (-0.0934) -0.423 ( 0.00653) -0.331 (-0.192) -0.402 (0.0514) -1.931 (-0.361)
UXY(31)11 0.473 (0.533) 0.407 (0.648) 0.651 (0.665) 0.723 (0.768) 0.389 (0.488)
UXY(31)12 -0.549 (0.000) 0.272 (0.000) -0.122 (0.000) -0.007 (0.000) -0.521 (0.000)
UXY(31)21 -12.504 (-11.714) -1.006 (-1.926) -3.819 (-3.700) -1.387 (-1.432) -11.301 (-10.575)
UXY(31)22 19.640 (18.103) 2.110 (3.537) 6.493 (6.215) 2.870 (2.916) 17.764 (16.350)
UXX(3) 0.200 (0.242) 0.387 (0.387) 0.469 (0.395) 0.569 (0.564) 0.102 (0.145)
UXX(45)11 (0.0632) (0.217) (0.201) (0.411) (-0.0763)
UXX(45)12 (−0.0998i) (−0.0621i) (−0.0605i) (−0.0390i) (−0.104i)
UXX(45)21 (−1.497i) (−0.932i) (−0.907i) (−0.586i) (−1.562i)
UXX(45)22 (3.257) (2.205) (2.136) (1.660) (3.256)
TABLE III: Comparison of the values of the elements of the evolution matrix U(Q2f ; Λ
2
LNV) (ΛLNV = MW ), for the Fermi
motion scale Q2f = 0.01 GeV
2, when the power analogs Aν in MPT with M = 1.5 GeV and M = 0.3 GeV are treated
correctly [MPT(1.5) and MPT(0.3)] on the one hand, and naively [nMPT(1.5) and nMPT(0.3)] as Aν on the other hand.
Other conventions are as in Table II.
MPT(1.5) nMPT(1.5) MPT(0.3) nMPT(0.3)
UXX(12)11 2.327 (2.333) 1.943 (1.825) 8.784 (7.432) 8.370 (5.094)
UXX(12)12 -4.961 (-4.278) -2.660 (-2.501) -17.954 (-14.613) -13.805 (-9.392)
UXX(12)21 0.0198 (0.0178) 0.00809 (0.0104) 0.0510 (0.0609) -0.0169 (0.0391)
UXX(12)22 -0.402 (0.0514) 0.439 (0.491) -1.931 (-0.361) -0.00693 (0.0850)
UXY(31)11 0.723 (0.768) 0.901 (0.885) 0.389 (0.488) 2.664 (0.717)
UXY(31)12 -0.007 (0.000) -0.078 (0.000) -0.521 (0.000) -3.514 (0.000)
UXY(31)21 -1.387 (-1.432) -1.314 (-1.179) -11.301 (-10.575) -17.583 (-9.111)
UXY(31)22 2.870 (2.916) 2.911 (2.654) 17.764 (16.350) 28.275 (14.383)
UXX(3) 0.569 (0.564) 0.806 (0.783) 0.102 (0.145) 0.678 (0.514)
UXX(45)11 (0.411) (0.705) (-0.0763) (0.371)
UXX(45)12 (−0.0390i) (−0.0203i) (−0.104i) (−0.0593i)
UXX(45)21 (−0.586i) (−0.304i) (−1.562i) (−0.889i)
UXX(45)22 (1.660) (1.353) (3.256) (2.269)
B. Bounds on Wilson coefficients
The upper bounds on the Wilson coefficients can now be obtained by requiring that the expression on the RHS of
Eq. (6) is larger than the lower bound on the half-life T 0ν1/2(
136Xe) Eq. (1). The RHS of Eq. (6) involves the NMEs
(Table I), the space factors G1 = 2.92× 10−14yr−1 and G4 = 1.57× 10−14yr−1 [62], and the Wilson coefficients at the
Fermi motion scale
Cj(Q
2
f ) = U(Q
2
f ; Λ
2
LNV)jkCk(Λ
2
LNV). (25)
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We recall that we use throughout this work Λ2LNV = M
2
W . When using the expansion (25) on the RHS of Eq. (6), the
following expression for the half-life in terms of the “bare” Wilson coefficients Ck ≡ Ck(Λ2LNV) is obtained (cf. also
[49]) [
T 0νββ1/2
]−1
= G1
∣∣βXX1 (CLL1 + CRR1 )+ βLR1 2CLR1 + βXX2 (CLL2 + CRR2 )
+βXX3
(
CLL3 + C
RR
3
)
+ βLR3 2C
LR
3
∣∣2
+G4
∣∣βXX4 (CLL4 + CRR4 )+ βXY4 (CLR4 + CRL4 )
βXX5
(
CLL5 + C
RR
5
)
+ βXY5
(
CLR5 + C
RL
5
) ∣∣2, (26)
where
βXX1 = M1UXX(12)11 +M2UXX(12)21, βLR1 =M(+)3 ULR(31)12 +M1ULR(31)22, (27a)
βXX2 = M1UXX(12)12 +M2UXX(12)22, (27b)
βXX3 = M(−)3 UXX(3) , βLR3 =M1ULR(31)21 +M(+)3 ULR(31)11, (27c)
βXX4 = −|M4|UXX(45)11 + |M5|UXX(45)21, (27d)
βXY4 = |M4|UXY(45)11 + |M5|UXY(45)21 (X 6= Y ), (27e)
βXX5 = −|M4|UXX(45)12 + |M5|UXX(45)22, (27f)
βXY5 = |M4|UXY(45)12 + |M5|UXY(45)22 (X 6= Y ). (27g)
We used here the simplified notation U ≡ U(Q2f ; Λ2LNV). The mixing coefficient UXY(31)12 [appearing in Eq. (27a)] is zero
at one-loop and nonzero at two-loop level of anomalous dimension, cf. Table II. We mention that factor 2 appears
in the terms with CXYj (j = 1, 3); this is so because the operators OXYj (j = 1, 3) for XY = LR and RL, Eqs. (4),
are symmetric under the interchange of L and R, and hence: CRLj = C
LR
j and (C
LR
j + C
RL
j ) = 2C
XY
j (cf. also [49]).
Further, we recall that the values of NMEs are given in Table I.
In the two-loop running of the evolution factors or matrices U ≡ U(Q2f ; Λ2LNV), we used the two-loop anomalous
dimension γˆ of Ref. [57] in the naive dimensional regularization MS (NDR-MS) scheme. On the other hand, the NMEs
are often evaluated in a different, Regularization-Independent (RI, also named MOM) scheme. Since the values of
NMEs Mj have large uncertainties (by about a factor of 2), we used the NDR-MS expressions for the anomalous
dimensions, which have the attractive feature of being independent of the gauge-fixing parameter (in contrast to the
case of IR scheme).
We can now obtain the upper bounds on the values of the “bare” (new physics) Wilson coefficients |Cj |
(≡ |Cj(Λ2LNV)| by assuming that only one operator contributes dominantly to the half-life. This then gives us the
upper bounds for various values of the Fermi motion scale Q2f = 1.0, 0.1 and 0.01 GeV
2 as given in Tables IV and V,
for the cases of one-loop and two-loop anomalous dimension matrices, respectively, for various AQCD frameworks. In
these Tables we included, for comparison, the results of pure pQCD approach (only for Q2f = 1 GeV
2 and 0.1 GeV2),14
and for the “bare” case when there are no QCD effects (the evolutions factors or matrices are unity).
In Figs. 5-8 we present the upper bounds as a function of Q2f in an extended interval 0.01 GeV
2 ≤ Q2f < 5.0 GeV2.
At (artificially) large values of the (Fermi motion) scales Q2 ≈ 5 GeV2, we can see in these Figures that the upper
bounds for various AQCD variants approximately coincide, as it should be due to the asymtotic freedom.
We wish to point out that, when the upper bounds for the bare coefficients in the (A)QCD cases are large
(108|CXYj | > 10), the upper bounds are probably not very useful (i.e., no strong restrictions). This, of course,
does not imply that the (A)QCD effects in such a channel are not important, but rather that these effects imply that
no useful upper bound can be deduced for the corresponding Wilson coefficient.
The values of NMEs, table I, have relatively large uncertainties, by roughly a factor of 2. If the coefficients are
(simultaneously) multiplied by a factor of 2, the corresponding upper bounds of the bare Wilson coefficients get
reduced by this factor of 2. Therefore, in order to discern whether the (A)QCD effects for the upper bound of a
14 We recall that the values Q2f < 1 GeV
2 in pQCD become very unreliable or impossible to obtain, due to the Landau singularities.
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2δAQCD 3δAQCD FAPT MPT(1.5) MPT(0.3) nMPT(1.5) nMPT(0.3) pQCD C(0)i
|CXX1 |0.01 3.27 7.64 6.14 12.2 3.09 87.5 5.47 –
12.6|CXX1 |0.10 9.48 8.89 11.3 20.1 7.84 92.8 9.36 9.74
|CXX1 |1.00 57.3 25.5 32.0 58.8 28.1 182 29.2 44.0
|CXY1 |0.01 0.35 1.78 1.01 2.16 0.38 2.37 0.44 –
6.3|CXY1 |0.10 0.75 0.96 1.41 2.24 0.81 2.39 0.83 0.87
|CXY1 |1.00 1.88 1.55 2.10 2.48 1.81 2.54 1.82 2.08
|CXX2 |0.01 4.40 1.62 0.43 0.90 0.23 0.13 0.49 –
0.07|CXX2 |0.10 0.20 0.26 0.41 0.24 0.43 0.13 0.29 0.28
|CXX2 |1.00 0.12 0.15 0.17 0.14 0.16 0.13 0.16 0.14
|CXX3 |0.01 2.13 1.33 1.30 0.91 3.55 0.66 1.00 –
0.51|CXX3 |0.10 0.84 0.91 0.87 0.77 0.94 0.66 0.85 0.84
|CXX3 |1.00 0.67 0.71 0.70 0.67 0.71 0.65 0.70 0.68
|CXY3 |0.01 1.77 0.78 0.97 0.61 2.04 0.51 3.35 –
0.41|CXY3 |0.10 0.92 0.83 0.66 0.56 0.94 0.51 0.85 0.82
|CXY3 |1.00 0.54 0.58 0.54 0.51 0.55 0.50 0.55 0.53
|CXX4 |0.01 5.08 3.42 3.66 1.94 4.74 1.14 2.11 –
0.80|CXX4 |0.10 1.59 1.81 1.75 1.45 1.93 1.14 1.67 1.64
|CXX4 |1.00 1.17 1.26 1.26 1.18 1.26 1.11 1.25 1.19
|CXX5 |0.01 2.43 3.61 3.73 4.86 2.42 6.06 3.53 –
8.30|CXX5 |0.10 4.17 4.00 4.66 5.33 4.03 6.07 4.33 4.38
|CXX5 |1.00 5.73 5.36 5.66 5.95 5.53 6.20 5.56 5.81
TABLE IV: Upper bounds on the bare Wilson coefficients Cj ≡ Cj(Λ2LNV), multiplied by 108, for various QCD variants, where
the lower (Fermi motion) scales used are Q2 = 0.01 GeV2, 0.1 GeV2 and 1 GeV2, for the isotope 136Xe, with one-loop anomalous
dimension in the RGE, and ΛLNV = MW . The chirality superscripts are: XX = LL or RR; XY = LR or RL. In the case of
C4 and C5, the results are the same for XX and XY .
2δAQCD 3δAQCD FAPT MPT(1.5) MPT(0.3) nMPT(1.5) nMPT(0.3) pQCD C(0)i
|CXX1 |0.01 16.7 3.95 15.1 8.90 14.9 30.3 1.09 –
12.6|CXX1 |0.10 6.39 18.6 78.6 17.2 14.7 30.3 4.06 4.80
|CXX1 |1.00 24.6 17.4 68.1 616 41.5 30.4 20.5 26.7
|CXY1 |0.01 0.56 1.00 1.36 2.27 0.64 3.67 0.25 –
6.3|CXY1 |0.10 5.55 0.97 2.04 2.42 3.39 3.68 2.35 3.83
|CXY1 |1.00 3.92 3.64 2.98 2.97 3.62 3.75 3.99 3.68
|CXX2 |0.01 0.09 0.17 0.23 0.18 0.04 0.15 1.01 –
0.07|CXX2 |0.10 9.11 1.10 0.98 3.27 0.14 0.15 0.47 0.43
|CXX2 |1.00 0.19 0.22 0.19 0.21 0.37 0.14 0.19 0.17
|CXX3 |0.01 2.57 1.33 1.10 0.90 5.02 0.64 0.76 –
0.51|CXX3 |0.10 0.86 0.91 0.80 0.76 0.95 0.64 0.74 0.75
|CXX3 |1.00 0.68 0.69 0.68 0.66 0.69 0.63 0.67 0.65
|CXY3 |0.01 1.20 1.20 1.02 0.65 1.18 0.50 0.27 –
0.41|CXY3 |0.10 0.72 1.11 0.67 0.58 0.82 0.50 0.52 0.54
|CXY3 |1.00 0.53 0.55 0.54 0.52 0.55 0.49 0.53 0.52
TABLE V: Same as Table IV, but with two-loop anomalous dimension used in the RGE.
.
Wilson coefficient Cj(M
2
W ) are more important than the uncertainties of the values of NMEs, we will consider that
|Cj |
|C(0)j |
<
1
2
, or
|Cj |
|C(0)j |
> 2, (28)
where C
(0)
j (M
2
W ) is the corresponding upper bound value when there are no QCD effects (U is unity then). The
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FIG. 5: The upper bounds for the “bare” Wilson coefficients |CXXj (Λ2LNV)| for j = 4, 5 (ΛLNV = MW ), for various AQCD frameworks.
Note that only the one-loop (’LO’) anomalous dimension is available for these calculations. MPT and naive MPT (nMPT) are for the
mass M = 1.5 GeV [MPT(1.5), nMPT(1.5)]. The results for the case XY (X 6= Y ) are the same as those for XX.
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FIG. 6: As Fig. 5, but for the values of |CXX2 (Λ2LNV)|; the available two-loop (NLO) anomalous dimension was used.
first inequality in Eq. (28) gives a more stringent upper bound on |Cj | (by at least a factor of 2) than when QCD is
ignored, and the second one gives a less stringent upper bound (by at least a factor of 2).
With these naive criteriums, we can infer from Table V our main conclusions: for the realistic Fermi motion scale
value Q2f = 0.01 GeV
2, the QCD effects become important for CXY1 in all AQCD variants; for CXX2 and CXX3 in
most of the AQCD variants; and for CXX1 in 3δ AQCD. In all these cases, the upper bounds become more stringent
for CXY1 and C
XX
1 , and less stringent for C
XX
2 and C
XX
3 . It is interesting that most (but not all) of these qualitative
conclusions for the mentioned Wilson coefficients are also valid when regarding the upper bounds obtained with the
use of the one-loop anomalous dimensions, cf. Table IV; CXX1 is here a notable exception.
For the coefficients C4 and C5, only the one-loop anomalous dimensions are available. If we regard the upper
bounds for them obtained in this way as indicative, then we conclude that in all AQCD variants and for almost all
these coefficients the QCD effects are important, where for C4 the upper bounds become less restrictive and for C5
more restrictive, cf. Table IV.
Some of the upper bounds obtained in the described analysis are quite high, at least in certain specific ranges of
values of (Fermi motion scale) Q2, as seen in some of Figs. 5-8, and in some cases in Tables IV-V. This is so because
in such cases in the corresponding coefficients βXYj Eq. (27), which consist mostly of a sum of two terms of the type
U(Q2)kMj , partial cancellations can occur between these two terms and thus a large value of the corresponding
Wilson coefficients are allowed.
We can also note from Tables IV-V that the incorrect, i.e., naive approaches [nMPT(1.5) and nMPT(0.3)] give
different values of the upper bounds than the correct approaches [MTP(1.5) and MPT(0.3)]. The naive approach differs
quite strongly in the case of nMPT(0.3) from the corresponding correct approach MPT(0.3) (when Q2 = 0.01 GeV2);
this is so because when M = 0.3 GeV, the coupling A(Q2) changes quite strongly in the deep IR regime, as seen also
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FIG. 7: As Fig. 5, but for the values of |CXX1 (Λ2LNV)| and |CLR1 (Λ2LNV)|; the available two-loop (NLO) anomalous dimension was used.
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FIG. 8: As Fig. 5, but for the values of |CXX3 (Λ2LNV)| and |CLR3 (Λ2LNV)|; the available two-loop (NLO) anomalous dimension was used.
from the corresponding entries in the first two lines of Table II (cf. also Table III).
VI. CONCLUSIONS
In this work we investigated possible QCD effects in 0νββ decays dd → uuee within the scenarios of new LNV
physics which are parametrized as short-range dimension-9 operators Oj , cf. Eqs. (3)-(4). These QCD effects are
reflected in the running of the Wilson coefficients Cj of such operators, from the new physics scales Λ
2
LNV (taken
here as M2W ∼ 104 GeV2) to the typical 0νββ-decay (sub-GeV) spacelike scales Q2f ∼ 0.01 GeV2. For some of
these operators, the anomalous dimension factors or matrices, which govern the RGE-evolution of the corresponding
Wilson coefficients, are known up to two-loops (for O1-O3, cf. Ref. [57]), and others only up to one-loop (for O4-O5,
cf. Ref. [49]). The pure pQCD treatment of these RGEs is applicable only down to the (spacelike) scales Q2 ∼ 1 GeV2,
because below such scales the pQCD coupling a(Q2) (≡ αs(Q2)/pi) is significantly influenced by the artificial Landau
singularities which are situated at 0 < Q2 < Λ2Lan. ∼ 0.1 GeV2. In order to achieve the running of the Wilson
coefficients Cj(Q
2) down to Fermi motion scales Q2 ∼ 0.01 GeV2, we employed various variants of QCD where
the running coupling A(Q2) [the analog of the pQCD coupling a(Q2)] has no such Landau singularities, i.e., various
frameworks ofAQCD: 3δ, 2δ, MPT(M) and FAPT. We point out that in such evaluations, in order to evaluate correctly
the low-momentum nonperturbative effects, it was important not to treat the analogs of the powers a(Q2)ν as naive
powers A(Q2)ν , but rather as Aν(Q2) ( 6= A(Q2)ν) which are linear combinations of the (generalized) logarithmic
16
derivatives A˜ν+m(Q2) (m = 0, 1, . . .).15
The mentioned evolution of the Wilson coefficients, down to the Fermi motion scales, allowed us then in Sec. V
to evaluate the 0νββ half-life of 136Xe in terms of these coefficients Cj(Q
2
f ) and of the corresponding nuclear matrix
elements (NMEs) of the operators Oj . Comparison of this expression with the presently available lower bound on
the mentioned half-life then allowed us to extract the upper bounds for the Wilson coefficients Cj(Λ
2
LNV) at the new
physics scale.
Our main conclusions are the following. The values of the evolution factors or matrices U(Q2f ,Λ
2
LNV) of Wilson
coefficients, when the two-loop anomalous dimensions were used, were in all AQCD frameworks not far from (and
often close to) the values obtained for U(Q2,Λ2LNV) when one-loop anomalous dimensions were used. This conclusion
holds even when the values of the Fermi motion scales are realistic, i.e., very low, Q2f ∼ 0.01 GeV2. As a consequence,
similar conclusion can be made for the extracted values of the upper bounds of |Cj(Λ2LNV)|. Further, as could be
expected, the numerical results for different AQCD frameworks depend largely on the behavior of the coupling A(Q2)
in the IR regime Q2 . 0.1 GeV2. Therefore, for example, the results of 2δ and MPT(0.3) AQCD variants were
mutually comparable. The results of 3δ AQCD are not easily comparable with those of other AQCD frameworks,
principally because the coupling A(Q2) in 3δ AQCD goes to zero in the deep IR-regime (as suggested by large-volume
lattice results). Yet another conclusion of this work is that the described QCD effects are important (more than the
present uncertainty of the NMEs) in most of the cases of the considered Wilson coefficients: these effects affect in
such cases the upper bounds for |Cj(Q2)| (when Q2 = 0.01 GeV2) by more than a factor of two.
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Appendix A: Anomalous dimension at LO and NLO
In this Section we write down the anomalous dimension in the full one-loop approximation and in the currently
known two-loop one. The results will be expressed in terms of the number of colors N , and the number of active
flavors nf .
First, we write down the result for the mixing of operators (4a) and (4b), as obtained in Ref.[57]
γˆ
(0),XX
(12) =
(
6 + 6N − 6N 1N − 12
24 + 48N 6− 2N + 2N
)
, (A1)
γ
(1),XX
(12)11 = −
203
6
N2 +
107
3
N +
136
3
− 12
N
− 107
2N2
+
10
3
Nnf − 2
3
nf − 10
3N
nf ,
γ
(1),XX
(12)12 =
1
36
N +
31
9
− 9
N
+
4
N2
+
1
18
nf − 1
9N
nf ,
γ
(1),XX
(12)21 =
364
3
N +
704
3
+
208
N
+
320
N2
− 136
3
nf − 176
3N
nf ,
γ
(1),XX
(12)22 =
343
18
N2 + 21N − 188
9
+
44
N
+
21
2N2
− 26
9
Nnf − 6nf + 2
9N
nf . (A2)
We note that the off-diagonal elements here in γ
(0)
(12) and γ
(1)
(12) have the opposite sign to those of [57]; this is so because
in Eq. (4b) we use the convention σµν = (i/2)[γµ, γν ], while [57] the convention σµν = (1/2)[γµ, γν ] is used.
15 Appendix B is a summary of various AQCD frameworks and of the evaluation of Aν , all this information being available in the literature.
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Then, we write down the result for the mixing of the operators (4c) and (4a), as obtained in Ref.[57]
γˆ
(0),XY
(31) =
(
6
N 12
0 −6N + 6N
)
(A3)
γˆ
(1),XY
(31) =
(
137
6 +
15
2N2 − 223N nf 2003 N − 6N − 443 nf
71
4 N +
9
N − 2nf − 2036 N2 + 4796 + 152N2 + 103 Nnf − 223N nf
)
(A4)
The final result that is known up to two-loop approximation corresponds to the operator (4c) [57]
γ
(0),XX
(3) = 6−
6
N
, (A5)
γ
(1),XX
(3) = −
19
6
N − 22
3
+
39
N
− 57
2N2
+
2
3
nf − 2
3N
nf . (A6)
For the operators (4d) and (4e), only the one-loop anomalous dimension is known [58]
γˆ
(0),XX
(45) =
(
3− 1N +N
(
3 + 6N
)
i(
1− 2N
)
i 3 + 3N − 3N
)
, (A7a)
γˆ
(0),XY
(45) =
(
3− 1N +N
(−3− 6N ) i(−1 + 2N ) i 3 + 3N − 3N
)
. (A7b)
This same result can be deduced also from the results of [53], when taking into account the following relations between
the operators Oµ6 -Oµ9 of [53] and the operators OXY4 - OXY5 of Eqs. (4d)-(4e):
Oµ6 =
1
4
OLRµ5 , (A8a)
Oµ7 = −
i
16
OLRµ4 −
(N + 2)
16N
OLRµ5 , (A8b)
Oµ8 =
1
4
OLLµ5 , (A8c)
Oµ9 = +
i
16
OLLµ4 −
(N + 2)
16N
OLLµ5 , . (A8d)
For the operators Oµ′6 -Oµ′9 of [53] the above relations turn out to be the same, but with L ↔ R on the RHS. These
relations can be obtained by the use of Fierz transformations and of the color rearrangement identity involving the
SU(N) color generators
taαβt
a
ηξ = −
1
2N
δαβδηξ +
1
2
δαξδηβ . (A9)
Appendix B: IR-safe couplings
This Appendix is a compendium and synthesis of several results obtained and described in various works on IR-safe
holomorphic couplings, among them Refs. [9, 14, 17, 33, 36, 47] and [63] (App. B there).
The pQCD running coupling a(Q2) ≡ αs(Q2)/pi is defined as a function of the squared momentum Q2 ≡ −q2 in
the generalized spacelike region, where q2 = (q0)2 − ~q2 and q represents a typical momentum of a considered process.
When q2 < 0 (Q2 > 0), the momentum q is considered to be spacelike in the restricted sense (e.g., appearing in
DIS and other t-channel quantities, and in current correlators). When q2 = s > 0 (Q2 = −s < 0), the momentum
is usually called timelike (e.g., appearing in the s-channel type decay widths and cross sections). The generalized
spacelike (Euclidean) region of Q2 is considered to be the entire complex plane with the exception of the timelike
semiaxis: Q2 ∈ C\(−∞, 0], and it is in this region that the running coupling a(Q2) is considered. The running
coupling in this region is a solution of the (perturbative) RGE
da(Q2)
d lnQ2
≡ β(a(Q2)) = −β0a(Q2)2 − β1a(Q2)3 − β2a(Q2)4 − . . . (B1a)
= −β0a(Q2)2
[
1 + c1a(Q
2) + c2a(Q
2)2 + . . .
]
. (B1b)
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Here, the first two β-coefficients, β0 = (1/4)(11− 2Nf/3) and β1 = (1/16)(102− 38Nf/3), are scheme independent in
mass independent schemes. The coefficients cj = βj/β0 (j ≥ 2) characterize the pQCD renormalization scheme [64].
This means that the form of the function β(a; c2, c3, . . .) represents a definition of the renormalization scheme. Here,
the momentum scale ΛQCD will not be regarded as a scheme parameter, but as the momentum (re)scaling definition.
This scaling change can be described equivalently as a change of the renormalization scale. Throughout this work,
the MS scaling definition (Λ2QCD = Λ
2
) is adopted.
The pQCD coupling a(Q2), which is the solution of the perturbative RGE in a given or chosen renormalization
scheme, usually has singularities on the positive axis in the Q2-complex plane, 0 ≤ Q2 . Λ2QCD (∼ 0.01-1 GeV2);
this is in addition to the expected singularities on the negative Q2-axis. However, the spacelike QCD observables
D(Q2) (such as current correlators, t-channel process quantities, nucleon structure functions and their sum rules) are
are holomorphic (analytic) functions in the Q2-complex plane with the exception of a part of the negative semiaxis,
Q2 ∈ C\(−∞,−M2thr] (with a threshold mass Mthr ∼ 0.1 GeV). This follows from the general principles of Quantum
Field Theories [5, 6]. Stated otherwise, spacelike QCD observables D(Q2) are holomorphic functions in the entire
(generalized) spacelike region.
These properties of D(Q2) are not reflected qualitatively in the pQCD coupling a(Q2), because the latter has the
mentioned Landau singularities (cut and branching points) on the positive axis. This behavior of a(Q2) is unfortunate
in the following sense: if in the evaluation of D(Q2) at low |Q2| . 1 GeV2 we use the coupling a(Q2) [or a(µ2) with
µ2 = κQ2 ∼ Q2], we obtain either useless or unreliable results. These Landau singularities (also called Landau
ghosts) are usually a cut on an interval 0 ≤ Q2 ≤ Q2br, and the point Q2 = Q2br (∼ 0.01-1 GeV2) is called the Landau
branching point. When we apply the Cauchy theorem to the integrand a(Q
′2)/(Q
′2 −Q2) in the Q′2-complex plane
along the path in Fig. 9(a), this gives the following representation of the pQCD coupling a(Q2) in the form of a
dispersion integral:
a(Q2) =
1
pi
∫ +∞
−Q2br−η
dσ
ρa(σ)
(σ +Q2)
, (η → +0). (B2)
Here, ρa(σ) = Ima(Q
′2 = −σ − i) is the discontinuity (or spectral) function of the coupling a along its cut.
On the other hand, the holomorphic (in the spacelike region) coupling A(Q2) [the analog of a(Q2)] has its cut only
along the negative semiaxis −∞ < Q′2 < −M2thr, and hence the form of its dispersion integral is [cf. Fig. 9(b)]
A(Q2) = 1
pi
∫ +∞
0
dσ
ρA(σ)
(σ +Q2)
=
1
pi
∫ +∞
M2thr−η
dσ
ρA(σ)
(σ +Q2)
, (η → +0), (B3)
where ρA(σ) = ImA(Q′2 = −σ − i) is the discontinuity of A(Q′2) along its cut in the complex Q′2-plane. This
coupling has the cut threshold σmin(≡ M2thr) ≥ 0. In contrast to a(Q2), the couplings A(Q2) represent qualitatively
C2
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FIG. 9: (a) The integration contour for the integrand a(Q′2)/(Q′2 −Q2) which leads to the relation (B2) for a(Q2); (b) the integration
contour for the integrand A(Q′2)/(Q′2 −Q2) which leads to the relation (B3). The radius of the circular part is σ′ →∞.
correctly the holomorphic properties of the QCD spacelike observables D(Q2), and can thus be regarded as better
suited for the evaluation of such quantities. However, A(Q2) have to fulfill various physically-motivated requirements:
(a) at high |Q2| > 1 GeV2 they must reproduce the perturbative QCD; (b) at intermediate |Q2| ∼ 1 GeV2 they must
reproduce the corresponding QCD phenomenology, especially the physics of the τ lepton semihadronic decays which
is well measured; (c) and at very low |Q2| < 1 GeV2 we may require that they have the behavior as suggested by
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large-volume lattice results for the (Landau gauge) gluon and ghost dressing functions, if the running coupling there
is defined in a natural way as a product of these dressing functions.
The high-momentum condition (a) can be also formulated in the following way: in a chosen renormalization scheme
(i.e., for a chosen set of values of the scheme cj coefficients, j ≥ 2), the discontinuity function ρA(σ) coincides at large
σ with the pQCD discontinuity function of the underlying pQCD coupling a
ρA(σ) = ρa(σ) (σ ≥M20 >∼ 1GeV2), (B4)
where M20 can be called the pQCD-onset scale. Then at large |Q2| > 1 GeV2 the requirement that the two running
couplings practically coincide can be written as
A(Q2)− a(Q2) ∼
(
Λ2
Q2
)N
(B5)
where Λ2 ∼ 0.1 GeV2 and index N must be relatively large, e.g. N = 5.
The simplest holomorphic coupling (APT) [7] was constructed from the underlying pQCD coupling by equating
ρA = ρa for all σ ≥ 0 (and necessarily setting equal to zero the Landau cut discontinuities ρA(σ) at σ < 0)
A(APT)(Q2) = 1
pi
∫ +∞
0
dσ
ρa(σ)
(σ +Q2)
. (B6)
On the other hand, we constructed two types of couplings which fulfill the condition (a) [i.e., Eq. (B5) with N = 5] and
(b) [16, 17, 33], one type of coupling fulfilling also the deep infrared condition (c) [33]. The discontinuity functions for
these two types of couplings are parametrized in the unknown low-σ region (σ < M20 ) by a combination of Dirac-delta
functions
ρ
(nδ)
A (σ) = pi
n∑
j=1
Rj δ(σ −M2j ) + Θ(σ −M20 )ρa(σ) , (B7)
where we expect 0 < M21 < . . . < M
2
n < M
2
0 , and M
2
0 ∼ 1 GeV2 is the pQCD-onset scale. The corresponding
coupling is
A(nδ)(Q2)
(
≡ 1
pi
∫ ∞
0
dσ
ρA(σ)
(σ +Q2)
)
=
n∑
j=1
Rj
(Q2 +M2j )
+
1
pi
∫ ∞
M20
dσ
ρa(σ)
(Q2 + σ)
. (B8)
The Dirac delta functions in the spectral function give a nonperturbative contribution ∆AIR(Q2), in the form of a
linear combination of simple fractions ∼ 1/(Q2 +M2j ), and this can be rewritten as a near diagonal Pade´ approximant
∆AIR(Q2) = [n/n− 1](Q2). Pade´ approximants [n/n− 1](Q2) are known to approximate the holomorphic functions
in the Q2-complex plane increasingly well when n increases [65].
Such couplingsA(nδ) were constructed, with two (n = 2) and three (n = 3) Dirac delta functions, in Refs. [16, 17] and
[33], respectively, in specific renormalization schemes.16 The values of the (2n+ 1) parameters [M2j , Rj (j = 1, . . . , n)
and M20 ] were then determined by several physically motivated requirements.
The requirement that A(Q2) coupling at high |Q2| > 1 GeV2 practically coincide with the underlying pQCD a(Q2)
[Eq. (B5) with N = 5] provides four of these requirements.
On the other hand, the fifth requirement comes from physics at moderate momenta |Q2| ∼ m2τ (∼ 1 GeV2): the
requirement that the physics of the semihadronic τ lepton decays be reproduced, i.e., that the calculated (massless
and strangeless) τ decay ratio r
(D=0)
τ gives the correct well-measured value. This is sufficient for 2δ AQCD [16, 17]
which has five parameters.
In 3δ AQCD [33], which has seven parameters (n = 3), two additional requirements were imposed, namely that
A(3δ)(Q2) ∼ Q2 when Q2 goes to zero, and that A(3δ)(Q2) has for positive Q2 a local maximum at Q2 ≈ 0.135 GeV2, in
the Lambert MiniMOM (LMM) scheme. These two requirements are suggested by the large volume lattice calculations
[66] for Nf = 0
17 of the Landau gauge dressing functions Zgl(Q
2) and Zgh(Q
2) of the gluon and ghost propagators
16 The schemes are perturbatively defined, by the (perturbative) β(a) function of the underlying pQCD coupling a.
17 Similar results were obtained also by another group [67], for Nf = 0. Further, similar results, but in general with lower statistics, were
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in the MiniMOM (MM) scheme [70],18 where the lattice coupling Alatt. was defined naturally as: Alatt.(Q2) ∝
Zgl(Q
2)Zgh(Q
2)2.
There is yet another, the (2n+2)’th “hidden” parameter, involved in A(nδ)(Q2): it is the strength of the underlying
pQCD coupling a(Q2) (at Nf = 3); it can be characterized by the value of αs(M
2
Z ; MS) (at Nf = 5) which we take in
this work in general as αs(M
2
Z ; MS) = 0.1181 [59].
When a specific coupling A(Q2) has been constructed (a 7→ A), the couplings An(Q2) which are the analogs of
the powers a(Q2)n of the underlying pQCD coupling (an 7→ An), can be obtained in general holomorphic AQCD
following the steps presented in Ref. [14] for integer n, and in Ref. [47] for general (noninteger) n. In this construction
of An(Q2) from A(Q2) for integer n, the logarithmic derivatives of A(Q2) play a central role.
Here, first the construction given in Ref. [14] for integer n will be outlined. From the linearity of the analytization
a(Q2) 7→ A(Q2) follows that the logarithmic derivatives a˜n+1(Q2) of a(Q2)
a˜n+1(Q
2) ≡ (−1)
n
βn0 n!
(
d
d lnQ2
)n
a(Q2) (n = 0, 1, 2, . . .) (B9)
are replaced (i.e., “analytized”) in AQCD by the analogous logarithmic derivatives A˜n+1(Q2) of A(Q2)
(
a˜n+1(Q
2)
)
an.
= A˜n+1(Q2) ≡ (−1)
n
βn0 n!
(
d
d lnQ2
)n
A(Q2) (B10a)
=
1
pi
(−1)
βn0 Γ(n+ 1)
∫ ∞
0
dσ
σ
ρA(σ)Li−n
(
− σ
Q2
)
(n = 0, 1, 2, . . .), (B10b)
where the expression (B10b) is obtained by using the definition (B10a) and the dispersion integral (B3).
This construction allows us to evaluate such (truncated) AQCD series whose perturbation series starts with an
integer power of a(Q2), e.g., with a(Q2)1. Namely, the (leading-twist part of the) spacelike observable D(Q2) has in
such a case the power expansion
Dpt(Q2) = d0a(µ2) +
∑
n≥1
dn(κ)a(µ
2)n+1, (B11)
where κ ≡ µ2/Q2 is the renormalization scale parameter (0 < κ ∼ 1). This series can be reorganized in a straightfor-
ward way as a series in the logarithmic derivatives (B9) instead
Dlpt(Q2) = d˜0a(µ2) +
∑
n≥1
d˜n(κ)a˜n+1(µ
2), (B12)
where d˜0 = d0, d˜1(κ) = d1(κ), d˜2(κ) = d2(κ)− c1d1(κ), etc.19 The resulting (truncated) series is then evaluated with
the A-coupling
D[N ]AQCD(Q2;κ) = d˜0A(κQ2) + d˜1(κ)A˜2(κQ2) + . . .+ d˜N−1(κ)A˜N (κQ2). (B13)
A weak renormalization scale dependence (κ-dependence) appears here due to the truncation effect. The analog of
this expression in pQCD is the series Eq. (B12) truncated at d˜N−1(κ)a˜N (κQ2). The truncated series (B13) differs
from the full sum D(Q2) formally by a term ∼ A˜N+1 (∼ a˜N+1 ∼ aN+1); this is suppressed in comparison to ∼ A˜N ,
because AQCD frameworks in general fulfill the hierarchy |A(Q2)| > |A˜2(Q2)| > |A˜3(Q2)| > . . ., for all (non-timelike)
scales Q2 (cf. also Figs. 10), which appears as a consequence of the holomorphic behavior of A(Q2).
The truncated series (B13) can be reorganized (rewritten) explicitly in terms of the coefficients dn(κ) of the original
perturbation (power) series (B11)
D[N ]AQCD(Q2;κ) = d0A(κQ2) + d1(κ)A2(κQ2) + . . .+ dN−1(κ)AN (κQ2), (B14)
obtained for Nf = 2 [68] and Nf = 4 [69].
18 Lambert MiniMOM (LMM) scheme is the MiniMOM (MM) scheme (where the lattice calculations are performed), but with momenta
rescaled to the usual MS scaling: Q2 = Q2latt(ΛMS/ΛMM)
2 ≈ Q2latt/1.92.
19 The latter relations between d˜n and dn−k’s are obtained because RGE (B1) implies the relations of the form a˜m = am+k1(m) am+1+. . ..
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where the power analog An+1 (the A-coupling analog of the power an+1) is a specific linear combination of the
logarithmic derivatives A˜n+m in complete analogy with the pQCD relations
An+1 = A˜n+1 +
N−n−1∑
m=1
k˜m(n+ 1)A˜n+1+m (n = 1, . . . , N − 1). (B15)
Here, the sums are truncated consistently at A˜N ; we note that AN = A˜N in this case. We point out that the truncated
series (B14) is equal to (B13), and its pQCD analog are the series (B12) and (B11), both truncated at n + 1 = N .
Since A(Q2) has in general some nonperturbative contributions in comparison to its underlying pQCD coupling a(Q2),
we have An(Q2) 6= A(Q2)n (n ≥ 2), and this holds even if the truncation index N in the relations (B15) is very high.
On the other hand, at high |Q2| > 1 GeV2 we have in general An(Q2) ≈ A˜n(Q2) ≈ A(Q2)n ≈ a(Q2)n, because (2δ
and 3δ) AQCD in the high-momentum regime practically coincides with the underlying pQCD, due to the relation
(B5) with N = 5 there. If in the series (B14) the naive powers A(Q2)n were used instead of An(Q2), this would give
to the series spurious uncontrollable nonperturbative contributions at low |Q2| . 1 GeV2 [71]. Hence it is important
to employ the series in logarithmic derivatives instead, i.e., Eq. (B13) [=Eq. (B14)].
In Figs. 10(a),(b) we present the couplings A(Q2), A2(Q2), as a function of Q2 > 0, for the considered 2δ and
3δ AQCD, respectively, and we included the corresponding underlying pQCD coupling a(Q2) and the MS coupling
a¯(Q2) (all are for Nf = 3). The “strength” reference value for the pQCD couplings is αs(M
2
Z ; MS;Nf = 5) = 0.1181.
The coupling A2(Q2) is generated by Eq. (B15) with three terms (i.e., N = 4 and n = 1). The naive power A(Q2)2 is
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FIG. 10: The couplings A(Q2), A2(Q2), as a function of positive Q2: (a) in the considered 3δ AQCD case (in the LMM scheme); (b) in
the considered 2δ AQCD case (in the Lambert scheme with c2 = −4.9). Included are the naive power A(Q2)2 [6= A2(Q2)], the underlying
pQCD coupling a(Q2), and the five-loop MS coupling aMS(Q2). The curves are for Nf = 3. The corresponding “strength” reference value
is αs(M2Z ,MS) = 0.1181. For A2, the sum (B15) with three terms was taken (and n = 1).
also presented in these Figures; clearly: A2(Q2) 6≈ A(Q2)2 at low Q2. The pQCD coupling a(Q2) in the LMM scheme
has the branching point at Q2br ≈ 1.29 GeV2 (not a pole). In the Lambert scheme with c2 = −4.9, where 2δ AQCD
was constructed, a(Q2) has Q2br ≈ 0.066 GeV2 (a pole), and in the MS scheme Q2br ≈ 0.36 GeV2 (a pole). All these
curves were obtained by using the programs [60], written in Mathematica, for the evaluation of the couplings.
Until now we have described the case when ν = n + 1 in A˜n+1 and A˜n+1 is an integer. However, in many cases
in physics, the physical (spacelike) quantities F(Q2), such as here considered Wilson coefficients, have perturbation
expansion in powers of aν = aν0+n where ν0 (> −1) is not integer (and n = 0, 1, 2, . . .)
Fpt(Q2) = f0a(Q2)ν0 +
∑
n≥1
fna(Q
2)ν0+n . (B16)
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In such cases, the results for integer ν = 1 + n can be analytically continued to ν = ν0 + n [47], i.e., we obtain
(aν(Q2))an. = Aν(Q2), (B17a)
Aν = A˜ν +
N−n−1∑
m=1
k˜m(ν)A˜ν+m (ν = ν0 + n), (B17b)
A˜ν(Q2) = A˜ν(Q2)(FAPT,1`) + 1
pi
(−1)
βν−10 Γ(ν)
∫ ∞
0
dσ
σ
[
ρA(σ)− ρa(σ)(1`)
]
Li−ν+1
(
− σ
Q2
)
(−1 < ν), (B17c)
where ν = ν0 + n (n = 0, 1, . . . , N − 1; −1 < ν0); and ρa(σ)(1`) is the discontinuity of the one-loop pQCD coupling
ρa(σ)
(1`) = Ima(−σ − i)(1`) = pi
β0
1
(ln2(σ/Λ
2
) + pi2)
, (B18)
and the explicit expressions for the coefficients k˜m(ν) appearing in the relation (B17b) are given in Ref. [47]. The
unsubtracted part of the dispersive integral in Eq. (B17c) was obtained by simple continuation of the expression
(B10b) to noninteger values (n+ 1 7→ ν). The full dispersive integral in Eq. (B17c) converges in an extended regime
of indices ν, namely ν > −1 (not just for: ν > 0). This is so because the basic (unsubtracted) dispersion integral
was modified by subtracting and adding the one-loop (F)APT expression A˜(FAPT,1`)ν = A(FAPT,1`)ν which is known
explicitly [10] (when ν > 0, this subtraction and addition are not needed)
A˜ν(Q2)(FAPT,1`) = Aν(Q2)(FAPT,1`) = 1
βν0
(
1
lnν(Q2/Λ
2
)
− Li−ν+1(Λ
2
/Q2)
Γ(ν)
)
. (B19)
Here, the scale Λ
2 ∼ 0.1 GeV2 is arbitrary and it appears also in the (one-loop) pQCD discontinuity function ρa(σ)(1`).
The expressions A˜ν(Q2), which are extensions of the logarithmic derivatives (B10) to noninteger n + 1 7→ ν, were
shown to satisfy the recursive relations
d
d lnQ2
A˜ν(Q2) = −νβ0A˜ν+1(Q2). (B20)
Furthermore, using the explicit expressions for the coefficients k˜m(ν) (m = 1, 2, 3, 4) obtained in Ref. [47], we can
check that the following RGE-type relations hold for Aν :
d
d lnQ2
Aν(Q2) = −β0ν
[Aν+1(Q2) + c1Aν+2(Q2) + c2Aν+3(Q2) + c3Aν+4(Q2) + c4Aν+5(Q2) +O(Aν+6)] (B21)
This turns out to be in complete analogy with the RGE in pQCD for the power a(Q2)ν
d
d lnQ2
a(Q2)ν = νa(Q2)ν−1β(a(Q2)) = (−β0)ν
[
a(Q2)ν+1 + c1a(Q
2)ν+2 + c2a(Q
2)ν+3 + . . .
]
, (B22)
representing thus a cross-check of consistency of our construction of the power analogs Aν(Q2) [AQCD analogs of the
powers a(Q2)ν+1].
The series (B16) in (IR-safe) AQCD, and its truncated version F [N ], are then obtained by the simple replacements
(B17a)
FAQCD(Q2) = f˜0A˜ν0(Q2) +
∑
n≥1
f˜nA˜ν0+n(Q2) = f0Aν0(Q2) +
∑
n≥1
fnAν0+n(Q2) (B23a)
F [N ]AQCD(Q2) = f˜0A˜ν0(Q2) +
N−1∑
n=1
f˜nA˜ν0+n(Q2) = f0Aν0(Q2) +
N−1∑
n=1
fnAν0+n(Q2) (B23b)
where FAQCD = F [N ]AQCD +O(A˜ν0+N ). In this context, we point out that the AQCD frameworks in general fulfill the
hierarchies |A˜ν0(Q2)| > |A˜ν0+1(Q2)| > |A˜ν0+2(Q2)| > . . ., for all (non-timelike) scales Q2, a property which appears
to be a consequence of the holomorphic behavior of these quantities (and of A(Q2)). The coefficient f˜n is a linear
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combination of the coefficients fn, fn−1, . . . due to the relations (B17b).
Sometimes, as in the degenerate case Appendix C 2, in the perturbation expansion of physical observables we have
the mixed powers aν lnk a (where k = 1, 2, . . .), and they get analytized by the analogous approach [35]
[
a(Q2)ν lnk a(Q2)
]
an.
≡
[(
d
dν
)k
a(Q2)ν
]
an.
=
(
d
dν
)k
Aν(Q2). (B24)
It is important to point out that the construction of the analytic analogs Aν(Q2) of the powers a(Q2)ν [cf. Eqs. (B10)
and (B15) for integer n, and Eqs. (B17) for general n = ν − 1] is an operation which is linear in the (holomorphic)
couplingA(Q2), in contrast to the naive construction (A(Q2))ν . This means that, whenA 7→ λA. we have: ρA 7→ λρA,
A˜ν 7→ λA˜ν and Aν 7→ λAν . Furthermore, in the case of integer n it is clear from the definition (B9) of the pQCD
quantity a˜n+1(Q
2) that its analytic version should be A˜n+1(Q2) of Eq. (B10), because the transition from pQCD to
AQCD produces only the changes a(Q2) 7→ A(Q2) and a(Q2 + ∆Q2) 7→ A(Q2 + ∆Q2). More explicitly
(
a˜2(Q
2)
)
an
≡ (−1)
β0
Q2 lim
∆Q2→0
([
a(Q2 + ∆Q2)− a(Q2)]
∆Q2
)
an
=
(−1)
β0
Q2 lim
∆Q2→0
[A(Q2 + ∆Q2)−A(Q2)]
∆Q2
= A˜2(Q2), (B25)
and for higher n analogously. One of the consequences of this construction is that Aν(Q2) 6= (A(Q2))ν .
The construction of the AQCD analogs Aν(Q2) of powers a(Q2)ν described here can be applied in any AQCD. On
the other hand, the case of APT Eq. (B6), where the discontinuity function ρA(σ) is in its entirety (i.e., for all σ > 0)
the pQCD discontinuity function ρa(σ), exceptionally allows for a more direct evaluation of Aν(Q2), namely as
A(FAPT)ν (Q2) =
1
pi
∫ +∞
0
dσ
Im [a(−σ − i)ν ]
(σ +Q2)
(0 < ν). (B26)
The extension of the convergence of this integral to the regime −1 < ν can be achieved by subtracting the one-loop
(F)APT expression (B19) in the form of dispersive integral and adding it in its explicit form (B19)
A(FAPT)ν (Q2) =
1
pi
∫ +∞
0
dσ
{
Im [a(−σ − i)ν ]− Im [a(1`)(−σ − i)ν]}
(σ +Q2)
+
1
βν0
(
1
lnν(Q2/Λ
2
)
− Li−ν+1(Λ
2
/Q2)
Γ(ν)
)
. (−1 < ν). (B27)
It turns out that this gives the same result as the aforedescribed general method of construction of Aν(Q2) when
applied to the APT case ρA(σ) ≡ ρa(σ) if the truncation index in the sum on the RHS of Eq. (B17b) is sufficiently high.
We will apply the expression (B27) in the case of FAPT, using the four-loop MS pQCD coupling as the underlying
coupling in the form given in Ref. [17] [Eq. (6) there]. In this context, we point out that the approach (B27) can be
applied only in the case of the specific AQCD, namely FAPT (i.e., in the case where ρA(σ) ≡ ρa(σ) for all σ > 0),
while the approach (B17) can be applied in any AQCD.
Yet another, rather popular, AQCD coupling, i.e., coupling without Landau singularities, is the “massive” one-loop
coupling (MPT)
A(MPT)(Q2) = 1
β0
1
ln
(
Q2+M2
Λ2
) , (B28)
where M2 ∼ 1 GeV2 and Λ2 ∼ 0.1 GeV2. The corresponding discontinuity function is
ρ
(MPT)
A (σ) = Θ(σ −M2)
pi
β0
1[
ln2
(
σ−M2
Λ2
)
+ pi2
] + piΛ2
β0
δ
(
σ − (M2 − Λ2)) . (B29)
In FAPT and in MPT, the deviation from the underlying pQCD at high |Q2| remains strong because it has N = 1
in the relation (B5). On the other hand, 2δ and 3δ AQCD described before have N = 5, i.e., they practically coincide
with the underlying pQCD at high |Q2| > 1 GeV2.
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Here we summarized the evaluation of the spacelike physical quantities D(Q2). The timelike physical quantities
can, in principle, be expressed as contour integrals involving the corresponding spacelike quantities, and can thus also
be evaluated in AQCD (for example, cf. [33]).
Appendix C: RGE for Wilson coefficients: AQCD
1. RGE for Wilson coefficients with mixing - nondegenerate case
Here we summarize the solution of the RGE for Wilson coefficients at the two-loop level in the case of (2 × 2)
mixing. First this will be done for the case of pQCD, and then, in accordance with the conclusions of the previous
Appendix B, the corresponding version of the solution for AQCD will be presented.
The RGE in pQCD in such a case has the form, cf. Eqs. (8) and (11)
d
d lnQ2
~C(Q2) =
1
2
[(
a(Q2)
4
)
γˆ(0)T +
(
a(Q2)
4
)2
γˆ(1)T +O(a3)
]
~C(Q2) (C1)
where ~C(Q2) is the two-component vector (column) of Wilson coefficients, and γˆ(0) and γˆ(1) are the one-loop and
two-loop 2× 2 matrices which, in the cases of some operators, have been obtained in the literature, see Appendix A
(cf. [49, 57]). When changing the variable Q2 to a(Q2), and taking into account the definition (B1), the above RGE
(C1) can be rewritten as
d
da
~C(a) =
1
2β(a)
[(a
4
)
γˆ(0)T +
(a
4
)2
γˆ(1)T +O(a3)
]
~C(a), (C2)
where a ≡ a(Q2). Let Vˆ (0) be the “rotation” matrix which diagonalizes the one-loop matrix γˆ(0)T
(Vˆ (0))−1γˆ(0)T Vˆ (0) = γˆ(0)D ≡ −8β0νˆ, (C3)
where νˆ is, by this definition, a diagonal matrix
νˆ =
[
ν1 0
0 ν2
]
(C4)
When defining
~C(0)(Q2) ≡ (Vˆ (0))−1 ~C(Q2), (C5)
the RGE (C2) can be rewritten in the form
d
da
~C(0)(a) =
[
νˆ
1
a
+ kˆ(1) +O(a)
]
~C(0)(a), (C6)
where the matrix kˆ(1) incorporates the two-loop effects
kˆ(1) = − 1
32β0
(Vˆ (0))−1γˆ(1)T Vˆ (0) − c1νˆ. (C7)
We recall that c1 = β1/β0 is the (universal) two-loop beta coefficient, cf. Eqs. (B1). Since the first matrix on the RHS
of Eq. (C7) is in general nondiagonal, an additional, two-loop, “rotation” is needed to obtain fully decoupled system.
This is achieved by a matrix Jˆ (1) which acts in the following way:
~C(1)(a) ≡
[
1− a
4
Jˆ (1) +O(a2)
]
~C(0)(a)
{
=
[
1− a
4
Jˆ (1) +O(a2)
]
(Vˆ (0))−1 ~C(a)
}
, (C8)
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such that the RGE for ~C(1)(a) is a decoupled system
d
da
~C(1)(a) =
{
νˆ
1
a
+
[
kˆ(1) +
1
4
[νˆ, Jˆ (1)]− 1
4
Jˆ (1)
]
+O(a)
}
~C(1)(a), (C9)
i.e., the total expression in brackets on the RHS of Eq. (C9) is a diagonal matrix kˆ
(1)
D . This can be achieved by the
following matrix Jˆ (1):
Jˆ (1) =
[
0 4(1−ν1+ν2) kˆ
(1)
12
4
(1+ν1−ν2) kˆ
(1)
21 0
]
⇒ (C10a)
[
kˆ(1) +
1
4
[νˆ, Jˆ (1)]− 1
4
Jˆ (1)
]
=
[
kˆ
(1)
11 0
0 kˆ
(1)
22
]
≡ kˆ(1)D . (C10b)
The decoupled system of RGEs (C9) can then be integrated, resulting in
~C(1)(a(Q2)) =
[
a(Q2)νˆ + kˆ
(1)
D a(Q
2)νˆ+1 +O(aνˆ+2)
]
~C, (C11)
where ~C is a two-component (column) vector independent of Q2 scale, and a(Q2)νˆ is a diagonal matrix according to
Eq. (C4)
a(Q2)ν = exp[νˆ ln a(Q2)] =
[
a(Q2)ν1 0
0 a(Q2)ν2
]
. (C12)
Using the relation (C8), the solution for the original vector ~C(Q2) of Wilson coefficients is
~C(Q2) = Vˆ (0)
[
1 +
a(Q2)
4
Jˆ (1) +O(a2)
]
~C(1)(Q2)
= Vˆ (0)Uˆ (1)(a(Q2))~C (C13)
where the matrix Uˆ (1)(a) is
Uˆ (1)(a) = aνˆ +
(
kˆ
(1)
D +
1
4
Jˆ (1)
)
aνˆ+1 +O(aνˆ+2) (C14a)
=
 aν1 + kˆ(1)11 aν1+1, kˆ(1)12(1−ν1+ν2)aν2+1
kˆ
(1)
21
(1+ν1−ν2)a
ν1+1, aν2 + kˆ
(1)
22 a
ν2+1
+O(aνˆ+2), (C14b)
where a ≡ a(Q2), and the other parameters are Q2-independent.
According to conclusions presented in Appendix B, in AQCD the same relations are valid, but under the consistent
replacements a(Q2)ν+m 7→ Aν+m(Q2)
~C(Q2)(A) = Vˆ (0)Uˆ (1)(Q2)(A) ~C, (C15a)
Uˆ (1)(Q2)(A) =
 Aν1(Q2) + kˆ(1)11 Aν1+1(Q2), kˆ(1)12(1−ν1+ν2)Aν2+1(Q2)
kˆ
(1)
21
(1+ν1−ν2)Aν1+1(Q2), aν2 + kˆ
(1)
22 Aν2+1(Q2)
+O(Aνˆ+2), (C15b)
The evaluation of Aνj and Aνj+1 (j = 1, 2) in terms of A˜νj and A˜νj+1 is performed along the same lines as explained
in Sec. IV Eqs. (23)-(24), but now separately for ν1 and ν2: Aνj = A˜νj + k˜1(νj)A˜νj+1, and Aνj+1 = A˜νj+1 (j = 1, 2).
We recall that in Eq. (C15a) the vector ~C is Q2-independent. This allows us, equally as in pQCD Eq. (C13), to
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rewrite the solution in terms of the initial condition values Uˆ (1)(Q20)(A)
~C =
(
Uˆ (1)(Q20)(A)
)−1
(Vˆ (0))−1 ~C(Q20)(A) ⇒ (C16a)
~C(Q2)(A) = Vˆ (0)Uˆ (1)(Q2)(A)
(
Uˆ (1)(Q20)(A)
)−1
(Vˆ (0))−1 ~C(Q20)(A) ≡ Uˆ(Q2;Q20)(A) ~C(Q20)(A). (C16b)
The matrix Uˆ(Q2;Q20)(A) is the two-loop (RGE-)evolution matrix for the Wilson coefficients ~C from a (higher) scale
Q20 to a (lower) scale Q
2, in the case of (2× 2) mixing, in AQCD with IR-safe and holomorphic coupling A(Q2).
2. RGE for Wilson coefficients with mixing - degenerate case
In some exceptional cases, the eigenvalues of the matrix νˆ [Eq. (C4)] can satisfy the relation
ν1 − ν2 = 1. (C17)
This happens in the specific case of the (31)XY -mixing, i.e, the mixing of operators OXY3 and OXY1 (X 6= Y ) in
Eqs. (4) for nf = 3, where the anomalous dimension matrix is known at the two-loop level. We recall that AQCD
should be applied in the nf = 3 regime.
In such a case, the two-loop matrix Jˆ (1) Eq. (C10a), which is needed for the decoupling of the two RGEs, does not
exist because one term there has zero in the denominator. In such a case, we have to proceed in a modified way. At
the two-loop level, the matrix Jˆ (1) now has the limited form
Jˆ (1) =
[
0 0
4
(1+ν1−ν2) kˆ
(1)
21 0
]
=
[
0 0
2kˆ
(1)
21 0
]
(C18)
With this matrix, the transformation (C8) leads to the partially coupled RGEs for the two components of ~C(1)(a)
d
da
C
(1)
1 (a) =
(
1
a
ν1 + kˆ
(1)
11
)
C
(1)
1 (a) + kˆ
(1)
12 C
(1)
2 (a), (C19a)
d
da
C
(1)
2 (a) =
(
1
a
ν2 + kˆ
(1)
22
)
C
(1)
2 (a), (C19b)
where the (unknown) three-loop contributions O(aC(1)j (a)) on the RHS are excluded. Equation (C19b) can be
integrated and gives
C
(1)
2 (a) = U˜2(a)C2, (C20a)
U˜2(a) = a
ν2 + kˆ
(1)
22 a
ν2+1 +O(aν2+2). (C20b)
Here as earlier, a ≡ a(Q2), and C2 is a Q2-independent constant. The terms O(aν2+2) are not specified in Eq. (C20b)
because they are affected by the (unknown) three-loop contributions. Inserting the solution (C20) into the first RGE
(C19a) gives us a nonhomogeneous differential equation for C
(1)
1 (a)
d
da
C
(1)
1 (a)−
(
1
a
ν1 + kˆ
(1)
11
)
C
(1)
1 (a) = kˆ
(1)
12 U˜2(a)C2. (C21)
This equation can be solved by the usual mathematical methods (e.g., by the Green function approach) and gives
C
(1)
1 (a) = U˜1(a)
C
(1)
1 (a0)
U˜1(a0)
+ kˆ
(1)
12 (G(a)− G(a0))U˜1(a)C2, (C22)
where a ≡ a(Q2) and a0 ≡ a(Q20). The first term on the RHS of Eq. (C22) represents a solution to the homogeneous
version of Eq. (C21), and the second term a particular solution to the full (nonhomogeneous) Eq. (C21); U˜1(a) is the
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evolution function
U˜1(a) = a
ν1 + kˆ
(1)
11 a
ν1+1 +O(aν1+2), (C23)
and G(a) is the function
G(a) = ln a+ (−kˆ(1)11 + kˆ(1)22 )a+O(a2). (C24)
The solution (C22) implies that the expression
C
(1)
1 (a)
U˜1(a)
− kˆ(1)12 G(a)C2 (≡ C1) (C25)
is a Q2-independent constant (C1). This, and the relation (C20a), imply that the solution for ~C(1)(a) can be written
in the form
C
(1)
1 (a) = U˜1(a)
[
C1 + kˆ(1)12 G(a)C2
]
, (C26a)
C
(1)
2 (a) = U˜2(a)C2. (C26b)
Using this solution, we can “rotate” back to the original basis of the Wilson coefficients using the relation (C8) and the
explicit form (C18) of Jˆ (1) in the considered degenerate case. In analogy with the algebra performed in the previous
Subsection C 1, we obtain now
~C(a) = V (0)Uˆ (1)(a)~C, (C27)
where ~CT = (C1, C2) is the vector with the two Q2-independent constants, and the matrix Uˆ (1)(a) is now (the
considered degenerate case ν1 − ν2 = 1)
Uˆ (1)(a) =
 [aν1 + kˆ(1)11 aν1+1] , kˆ(1)12 [aν1 ln a+ kˆ(1)11 aν1+1 ln a+ (−kˆ(1)11 + kˆ(1)22 )aν1+1]
1
2 kˆ
(1)
21 a
ν1+1,
[
1
2 kˆ
(1)
21 kˆ
(1)
12 a
ν1+1 ln a+ (aν2 + kˆ
(1)
22 a
ν2+1)
]  , (C28)
where terms of higher order, which are affected by (unknown) three-loop contributions, were neglected. We recall
that a ≡ a(Q2).
It can be shown that the result of the nondegenerate case considered in the previous Appendix C 1, Eq. (C14b), is
in the case of ν1 − ν2 = 1− ε (with → 0) the limiting case of the above result Eq. (C28), as it should be. Namely,
when ν1 − ν2 = 1− , we have
a1−ν1+ν2
1− ν1 + ν2 =
a

=
1

+ ln a+ (−kˆ(1)11 + kˆ(1)22 )a+O(). (C29)
This coincides with the expression (C24) for G(a), except for the corrections O() (→ 0) and a (large) constant
1/. However, this large constant is irrelevant for the final result, because only the difference G(a) − G(a0) matters,
cf. Eq. (C22); furthermore, changing G by a constant only redefines the new constant C1 7→ Cnew1 [cf. Eq. (C26a)].
From here, it it straightforward to check that the limit → 0 of the nondegenerate case Eq. (C14b) is the degenerate
result Eq. (C28).
As in the previous Subsection C 1, the transition to the AQCD is obtained by the replacements aν+m 7→ Aν+m and
by aν ln a [≡ (d/dν)aν ] 7→ (d/dν)Aν in Eqs. (C27)-(C28)
~C(Q2)(A) = Vˆ (0)Uˆ (1)(Q2)(A) ~C, (C30)
where the matrix Uˆ (1)(Q2)(A) in AQCD is
Uˆ (1)(Q2)(A) (C31)
=
 [Aν1(Q2) + kˆ(1)11 Aν1+1(Q2)] , kˆ(1)12 [( ddν )Aν(Q2)|ν=ν1 + kˆ(1)11 ( ddν )Aν(Q2)|ν=ν1+1 + (−kˆ(1)11 + kˆ(1)22 )Aν1+1(Q2)]
1
2 kˆ
(1)
21 Aν1+1(Q2),
[
1
2 kˆ
(1)
21 kˆ
(1)
12
(
d
dν
)Aν(Q2)|ν=ν1+1 + (Aν2(Q2) + kˆ(1)22 Aν2+1(Q2))]
 .
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As in the previous Appendix C 1, the relation (C30) can be written in the form
~C(Q2)(A) = Vˆ (0)Uˆ (1)(Q2)(A)
(
Uˆ (1)(Q20)(A)
)−1
(Vˆ (0))−1 ~C(Q20)(A) ≡ Uˆ(Q2;Q20)(A) ~C(Q20)(A), (C32)
where the matrix
Uˆ(Q2;Q20)(A) = Vˆ
(0)Uˆ (1)(Q2)(A)
(
Uˆ (1)(Q20)(A)
)−1
(Vˆ (0))−1 (C33)
is the evolution matrix for the Wilson coefficients from the (upper) scale Q20 to the (lower) scale Q
2.
Analogously as in the nondegenerate case in Appendix C 1 [and in Sec. IV Eqs. (23)-(24) in the case of no mixing],
the evaluation of Aνj and Aνj+1 (j = 1, 2) in Eq. (C31) is performed in terms of A˜νj and A˜νj+1 as follows: Aνj =
A˜νj + k˜1(νj)A˜νj+1, and Aνj+1 = A˜νj+1 (j = 1, 2).
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